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PREFACE

This report is part of a Rand study of federal-state-local fiscal

relations, sponsored by the Ford Foundation. The theoretical models

presented here are intended to provide a foundation for empirical studies

of the fiscal behavior of local public school districts and, u24imately,

for efforts to predict impacts of alternative state and federal -,grant-

in-aid programs. Several empirical studies are now under way an3 will

be published as separate Rand reports.
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SUMMARY

This report presents a theoretical analysis of the determinants of

expenditures by public school districts, with special emphasis on the

influence of state and federal grants-in-aid. The analysis is carried

out within the framework of the economic theory of constrained maximiz-

ing behavior: Decisionmakers in each school district are assumed to

arrive at an optimal balance between the level of educational programs

and the tax burdens they must impose on the cominunity. The model is

developed in two stages: first, a basic model focusing on a few key

variables; then. a series of "e:(tensions," in which other variables and

relationships are incorpor;_:2d into the basic formulation.

THE BASIC MODEL

It is assumed that a school district seeks to maximize a uti_ity

function having real educational expend '-re per -Denil and real t x

burden per hou&-2hoL: as its prir LrgnmentE. -ax burden is d :fined

positi-e function of t'.-e amount of school tax per household and a

negative function of household income. The budget constraint specifies

that total current outlay by the district must equal the sum of local

school tax receipts plus grants-in-aid from the state and federal govern-

ments. Outside aid is assumed, in general, to consist of a combination

of lump-sum and matching grants.

Utility maximization implies that the marginal rate of trade-off

between spending per pupil and taxes per household (analogous to the

marginal rate of substitution of consumer demand theory) must equal the

price ratio between those two quantities. In this case, that ratio de-

pends not only on the price of educational inputs relative to prices

in general, but also on the ratio of pupils to households and on the

local share parameter of state or federal matching grants.

If appro,riate properties of the marginal rate of trade-off func-

tion are assumed (or derived from assumptions about district prefer-

ences), it can be shown that the model implies the following about school

district fiscal behavior: (1) positive relationships between per pupil
spending and both income per household and lump-sum aid per pupil; (2)
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unequal local responses to equal increments in income and aid, with the

aid effect: being considerably greater than the income effect under nor-

mal circumstances; (3) negative relationships between per pupil spending

and the relative price of educational inputs, the ratio of pupils to

households, and the local share parameter of matching grants; (4) equal

elasticities of expenditures with respect to all three of the last-

mentioned variables.

According to the model., lump-sum gran --in-ai should ways be

to per puf,i_ spending and si)stituti_v for local

school taxes. same may be true of mat .-Ag aLi, but it _; also pos-

sible that matLnAg grants will stimulate i _Alex lo taxs _han would

have been levi. , i in tneir absence. Lump-- mn_ching _ rants inter-

JcL, the r depend in on the .)17 thL .ther in. the

models iv.cludH ids of aid And L. iuw inter_ iur

potenti,:i selecting ,ptirt Ad Lens t, and

hip °id to cut: ish an aid grantor's objectives.

The assumption that the pupil/household ratio has a direct effect

on decisionmakers' preferences leads to two variations on the basic

model. In each, the relative price variable and the pupil/household

ratio enter differently into the expenditure and tax equations. The ex-

penditure elasticity of the former is less negative than that of the

latter and the sign of the lz%tterls effect on spending is uncertain.

Provision is made in the analysiS for unspecified community char-

acteristics ("taste variables") to appear in the expenditure and tax

equations. Any such variable that is positively related to the will-

ingness of a district to raise incremental taxes to support increments

in education will also be positively related to real per pupil spending.

Finally, the model is recast in terms of a number of specific func-

tional forms: the linear expenditure system and several nonlinear forms

that correspond to linear and exponential forms of the marginal rate

of trade-off function.

EXTENSIONS

The basic model is extended to include the effects of (1) varia-

tions in nonschool taxes, (2) variations in the composition of the



local property tax base, (3) equalization features of state aid formulas,

(4) categorical versus noncategorical grants-in-aid, and (5) variations

in the rate of growth of pupil enrollment.

Nonschool taxes include state and federal incomo taxes, sales taxes,

and noneducation,.] property t -.es. Income taxes can treated as de-

ductions from hoir-ichold persu: I income. If school :i-!s are deductib.e

from the income tax base, hower, it is necessary t, t e acceimL of

t. positive imi L of deduct ilty on school spend it L:1.xing. The

eiCect of differ ltial sales L. .es can be Lranslati.j , differences

the price of )ther goods' therefo-e, in t Ye price of

tlucational input . Nonschoo r7- Dert-.- -s ca!- ln

. er as in c)me tax dive _ _ A-

ur as = eparate v riable i xpenditure equauion with a negative

effect on spending. The preferred specification Must be determined

empirically.

The composition of the local property tax base as between business

and residential property has an effect on spending if decisionmakers

care about the relative burdens imposed on the two types oC taxpayers.

If only taxes on residents count, then the presende.of business property

in a ccumiunity affects expenditure behavior in the same way as would a

matching grant with a local share parameter equal to the ratio of resi-

lential to total property; i.e., the smaller the proportion of residen-

tial property, the higher the level of spending. If both types of taxes

count, but with different weights in the eyes of the decisionmaker, the

same result holds as long as the decisionmakers derive more disutility

from incremental taxes on homeowners than on businesses.

Equalization provisions of state aid formulas typically distribute

funds in inverse relation to assessed property value per pupil. This

may or may not have the desired equalizing effect, depending on the

sources of tax base variation. If interdistrict variations are attri-

butable to differences in business property per pupil, the effect will

be in the correct direction. If variations are attributaLJle to differ-

ences in household incomes and, hence, in residential property values,

the desired effect will probably, though not necessarily, be obtained.

If, however, the differences are due to locational or other environmental



factors that cause property values to vary, the effect of existing equal-

ization formulas can be perverse: More aid may be given to districts

that would have spent above-average amounts even in the absence of aid.

Categorical grants will have a different effect on spending than

non-categorical grants when the categorical constraint is binding, i.e.,

when the aid recipient is forced to spend more on a function than he

would have spent voluntarily, given the same level of total fundn,'

In that event, separate ategorical and noncategorical lid ald

appear Ln !,c equatiL- in general, the two coefficients

should be unequal.

The effect of enrollment growth is to impose capital outlay require-

ments on a district, which, in general, will be partly -ompetitive with

outlays for current operations. Whether capital is financed out of bond

receipts or out of current funds, the model predicts a negative enroll-

ment growth effect 'Dr eortional to the annual growth rate. if borrow-

ing is the mode of finance, the magnitude of the growth effect will also

depend positively on both the rate of bond interest and the existing

stock of debt.

MODELS APPLICABLE TO DIFFERENT DATA BASES

Variants of the models apply to studies that have the individual

school district as the unit of observation and co those that focus on

larger units such as states or counties. The individual district model

can be aggregated to the state level by weighting each state observa-

tion by a factor that reflects the distribution of pupils among dis-

tricts within the state. Certain other differences between state and

local models (and between cross-sectional and time series models) occur

because certain magnitudes that vary among states (or over time) may

show no variation within states (or across observational units).
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I. INTRODUCTION

This report presents the results of a theoretical inquiry into the
factors that determine the fiscal behavior of local school districts.
It has been prepared as part of a larger study aimed at providing ana-
lytical tools for planning intergovernmental grant-in-aid programs. The
most immediate application of the findings is in developing empirical
models of the determinants of public school expenditures and taxes for
use in evaluating alternative programs of state and federal aid to ed-
ucation. It is hoped, also, that similar theoretical approaches will
prove applicable to fields other than education and that this work will
help to build a foundation for policy-relevant analyses of a variety of
intergovernmental aid programs.

BACKGROUND

Public elementary and secondary education in the United States is
provided by approximately 18,000 local school districts. Most of these
units have the status of independent local governments with correspond-
ing authority in fiscal affairs. Others, though subordinate to munici-
pal or county governments, are generally controlled by independent lo-
cal boards and also have considerable financial autonomy. While public
education is ultimately a state responsibility, the system is structured
so that state authority in the financial sphere is exercised indirectly,
primarily through provision of state funds and imposition of constraints.
The wide variation that exists in levels of per pupil spending and lo-
cal tax rates within states attests to the extent to which fiscal deci-
sionmaking is decentralized to local school boards and voters.

School district expenditures are financed partly out of locally
raised funds (predominantly property tax receipts) and partly out of
grants-in-aid from the states, and, to a lesser extent, from the federal
government. Grants-in-aid are the primary means by which higher levels
of government seek to influence the level, distribution, and utiliza-
tion of educational resources. State governments use various aid allo-
cation formulas to supplement local revenues and, in most states, to
reduce the inequality among districts that would exist if districts had
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to rely solely on their own resources. Both state and federal authori-

ties also use grants to direct resources to activities within districts

that they especially value. Conditions are often attached to such grants

in an effort to assure that aid funds will be used as intended by the

grantor.

Policymakers at the state level frequently attempt to use changes

in state aid formulas as the means for effecting changes in the level

or distribution of education expenditures. Proposals for new formulas

may be motivated, for example, by a desire to reduce inequality among

districts, to stimulate greater local spending, or to provide property

tax relief. In choosing among alternative proposals, however, or in

designing a formula to achieve a specific objective, officials are seri-

ously handicapped by uncertainty about the nature of the link between

grants-in-aid and fiscal outcomes. Local fiscal autonomy and the avail-

ability of local revenue sources enable school districts to behave adap-

tively in response to changes in state or federal support. Unless such

adaptation is correctly anticipated, outcomes can be quite different

from what the grantor intended. Consider, for example, the effect of

an attempt by a state government to increase spending $100 per pupil by

granting that much additional aid to each district. The net increase

in spending could easily be much less than intended if districts were

to react by substituting the state money for funds they would otherwise

have raised locally. Mu ,,over, differential responses by the aid re-

cipients could have the unintended side effect of worsening existing

expenditure disparities. With the information currently available,

there is no reliable or systematic way of predicting the fiscal impacts

of grant actions. This makes it virtually impossible to do intelligent

evaluations of grant alternatives and is a serious impediment to effec-

tive policymaking for state and federal support of education.

THE PROBLEM

The problem, then,.is to develop methods for.predicting the conse-

quences of grant-in-aid decisions so that alternatives can be compared

and choices made in a more informed manner. The central'analytical

task is to construct models capable of simulating the response of local
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fiscal behavior to changes in outside aid. Since, in general, the im-
pact of aid on local spending and taxing will vary not only according
to the type of aid formula, but also according to characteristics of the
particular district, a model that encompasses all the major influences
on local spending is required. Inclusion of major determinants of spend-
ing other than aid is also necessary to permit empirical estimation.
Thus, a more complete statement of the objective of the analysis is to
develop models of the determinants of local school district exvenditures
that allow the effects of changes the ZeveZ or form of outside aid
to be estimated. A first step, development of a theoretical foundation
for these models, is the subject of this report. The second step is
empirical estimation and validation of the models. Efforts in that di-
rection will be discussed in a series of separate reports. The last
step, of course, is application of the empirical models to actual policy
alternatives. Several cycles of theoretical and empirical refinement
are likely to be needed before the models are sufficiently reliable to
be used for that purpose.

THE ANALYTICAL APPROACH

The models presented here are based on the economic theory of con-
strained maximizing behavior. Each school district is viewed as a de-
cisionmaking unit that faces certain trade-off possibilities between
the level of support for its educational programs and the burden of ed-

*ucational taxes it must impose on the community. The district seeks
to reach an optimal balance betfleen the benefits of higher per pupil
expenditures, on one hand, and the disadvantages (political and other)
of a higher t rate. If it is assumed that districts behave "ration-
ally," as the term is used in the theory of consumer demand, the effort
to select the "best" expenditure-tax combination can be treated as an
attempt to maximize a utility function with expenditure and tax burden

The local school ooard and administration, collectively, may bethought of, as "the decisionmaker." In some cases, decisions on educe-t'.aonal spending and taxing must be approved by local voters, in whichcase the district electorate must also be considered part of the deci-sionmaking unit.



as arguments. Provision is also ilidau Lor other local characteristics

("taste variables") that cause preferences to vary from one district to

another. The maximization hypothesis leads to a number of empirically

testable propositions about the response of district spending to changes

in various economic and demographic variables, including changes in the

level and form of grants-in-aid.

The models presented here are similar but not identical to those

developed in connection with studies of consumer demand. In deriving

the latter, it is generally assumed that the consumer has a fixed bud-

get, or income, to use in purchasing different commodities. A school

district, like any other independent unit of government, is free within

limits to determine both its expenditures and income (revenue). Com-

munity income enters into the model as a major determinant of school

district decisions, but not as a direct constraint on spending. Rather,

as will be shown, it plays the indirect role of influencing decison-

makers' valuations of the burden (disutility) of a given tax.

A direct analog to the consumer demand model would be to assume

that the school district strikes a balance tween education and all

other goods purchased by the community. However, that would preclude

in advance the possibility that the school district behaves differently

from the way consumers would behave if they purchased education directly.

We will show that the education-versus-other goods model is actually a

special case of the more general model to be presented here.

ORGANIZATION OF THE REPORT

To make the discussion as clear as possible, we begin by examin-

ing a basic model containing only the most important variables. Then

a number of extensions are develOped in which additional variables, re-

lationships, and institutional factors are added to the basic structure.

*
Models of school district expenditure behavior that assume a trade-

off between education and other goods have been proposed, inter alia,

in James A. Wilde, "The Expenditure Effects of Grant-in-Aid Programs,"
National Tax Journal, Vol. XXI, No. 3, September, 1968; and Gail S. R.
Wilensky, State Aid to Education, Ph.D. dissertation, University of Mich-

igan, 1968. Both studies rely on indifference curve diagrams identical

to those used in two-good consumer choice models.
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The basic model permits inferences to be made about effects on school

expenditures and taxes of changes in community income, costs of educa-

tion, the general price level, the number of pupils per household in

a district, and the level and form of state and federal aid. Effects

of the composition of the local tax base, noneducational taxes, cate-

gorical versus noncategorical grants, equalization features of aid for-

mulas, and enrollment growth are dealt with in the extensions. At sev-

eral points it is impossible to choose, a priori, among alternative

theoretical specifications. In those cases, the implications of each

alternative are examined, and a comparison, stressing differences that

may be empirically observable, is provide3. Also, as both an exposi-

tory device and a step toward an econometric formulation, some specific

functional forms for the preference and expenditure relationships are

introduced and examined along with the more general model. Finally,

it is shown that different combinations of the theoretical specifica-

tions apply to the different types of data bases that may be encountered

in empirical studies. Variants of the model suitable for time series

and cross-section data, local data versus state aggregates, and intra-

state versus interstate studies are described.
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THE BASIC MODEL

The analysis c4 zither with a set of assumptions about school

district preferences (a utility function) or a more direct formulation

of district behavior in "trading off" marginal school expenditures and

tax burdens. The utility approach will be presented first because it

is more familiar and in some ways theoretically more satisfactory. We

will then take up the trade-off approach, which is more convenient to

work with and easier to relate to empirically testable forms of the

model. The two are equivalent if appropriate assumptions are made, and

in fact, the former leads naturally to the latter.

VARIABLES

The model represents the behavior of a school district that has A

pupils attending school, N households, and Y current dollars of per-

sonal income per year. The district spends E current dollars per year

for current operations of its schools and collects T current dollars

per year of local school property taxes. It receives S current dollars

of grants-in-aid per year from the state and F dollars from the federal

government. In developing the basic model, we assume that there are

no other taxes, all school taxes are paid by households, and there are

no capital outlays for the schools.

Two price variables are needed: pe, an index of prices of inputs

into public schooling (e.g., teachers' salaries), and p
x

, an index of

prices of all goods other than public education. Also, the symbol, z,

will be used to represent unspecified characteristics of local communi-

ties (e.g., income distribution, ethnic composition, occupational mix)

that are associated with interdistrict variations in preferences for

education.

From the foregoing variables, we define the following real magni-

tudes:

e = El(peA) - real educational expenditure per pupil. This will

be the measure of the level of public school services.

t = TgpxN) = real school proper*y taxes per household. The
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significance of using px as the deflator is that taxes are mea-
sured ,11-ms of the loss of pur !lasing power for goods other

.ion.

y = Y/(p
xN) = real personal income per household. Again, the unit

of measure is purchasing power for other goods.

s = S/(peA) = real state aid per pupil, measured in units of educa-

tional purchasing power.

f = Fl(peA) = real federal aid per pupil, measured in the same units
as s.

DISTRICT PREFERENCES

Each local school district is assumed to have a preference function
of the form

U = U[e, b(t, y), z]. (1)

Real educational expenditure ("education"), e, is a positive good to
the district. The burden of school property taxes on each household--

a function that we denote by b--is a negative good. It is assumed that

The reader may question 'the use of educational expenditures per
pupil, rather than a measure of educational output, as an argument in
the utility function. Apart from the practical consideration that there
are no suitable output measures, this specification may be justified on
either of the following grounds:

1. Educational output, q, can be assumed to be related to e ac-
cording to q = F(e), where F is an education production function. The
underlying preference function is U' = U'[F(e), b(t, y), z]. Assume
that prices are measured "correctly" so that e is a true measure of
physical inputs. Assume also that F'(e) > 0. We are only able, how-
cv-_,r, to observe the overall dependence of U on e, i.e., (aU'L6F)(3F/be),
not to infer the shape of the production function, aFle, or the mar-
ginal utility of educational output, au'/aF. Therefore, we work with
Eq. (1), which combines the two effects.

2. Alternatively, it can be assumed that the absence of output
measures affects educational decisionmakers as well as economists, and
that, for want of anything better, district officials actually use ex-
penditures per pupil as a proxy for educational output or quality. Un-
der that assumption, Eq. (1) is clearly the appropriate form; in fact,
the relationship between educational spending and output ceases to have
any logical connection to the question of how educational spending is
determined.
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the burden of taxes depends on both the amount of taxes collected per

household, t, and on household income, y. Given y, the burden function

increases with t. it decreases with y. That is, the disutil-

ity of a given level of school property taxes is assumed to decline

with increasing income. These assumptions are expressed by the follow-

ing specifications of the signs of first derivatives of U and b:

aU

ae t <0;
''L It > '

6ba° <0.

We also assume diminishing marginal utility of education, increasing

marginal disutility of property tax burdens, an increasing marginal

burden of increased taxes, and a decreasing marginal burden of taxes

as income rises; or, in symbols,

a
2
U a

2
U alb alb< 0 < 0; > 0

2 <
6e ab

2
at2 aYat w.

A final important assumption is that the preference function is addi-

tively separable in education and tax burden. That is, U can be written

U = 21) + U2(t, y, z2), (la)

where 2
1

and z
2

are subsets of the set of taste variables, z. Separa-

bility, of course, implies that a
2
U/aeat = a

2
U/aeay = 0. The marginal

utility of an increment in educational spending is not affected by the

level of taxes or income, nor is the marginal disutility of an increment

in taxes affected by the level of school spending. It will be shown

that the separability assumption and the assumptions about signs of the

second derivatives suffice to fix the signs of effects of the exogenous

variables on the level of expenditure.

Some taste variables may be included in both 2
1
and z

2
.
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THE BUDGET CONSTRAINT

Assuming that no borrowing is allowed and that districts do not ac-

cumulate cash balances, the budget constraint is that school expenditure

equals tax collections plus state and federal aid. In terms of the pre-

viously defined variables,

or

E = T + S + F,

peAe = pxNt + peAs + peAf.

The form of aid as well as the amount per pupil is important. In

general, s and f should be interpreted as aid functions or formulas,

rather than magnitudes. Aid may be allocated according to such factors

as the district tax base or local "tax effort." For simplicity, we

will assume that federal education aid comes to districts in the form

of a lump-sum grant of f real dollars per pupil. However, we let state

aid consist of two components: a lump-sum grant of g real dollars per

pupil and a matching grant that pays the district a fraction (1 - a),

the "state share," of each dollar per pupil in excess of the state and

federal lump-sum grants. Total real state aid per pupil is then given

by

s = g + (1 a) (e f g) (2)

The parameter (limey be interpreted as the "local share" of expenditures

under the matching grant.

With the state aid formula incorporated, the budget constraint be-

conies

peAe = pxNt + peAff + g + (1 - a) (e f - g)],

or

(pelpx)(AIN) a(e f g) = t.

Formulas that distribute aid in an inverse relationship to the
local property tax base ("equalization") are discussed on pp. 52-58.
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To write this more compactly, we define the following new variables:

p = peIps, the relative price of education, a = AIN, the number

pils per household. The budget constraint may then be expresseu ab

t= oeva(e f (3)

This is the form to be used in developing the basic model.

MAXIMIZATION

Maximization of U subject to the budget constraint is equivalent

to maximization of the Lagrangian,

U[e, b(t, y), z] - Ajapa(e f g) t].

The two first-order conditions for a maximum are, for given ,y, z, f,

g, and a,
*

Combining them, we obtain

- Xcepa = 0,
ae

au ab
+ x = 0.

au
ae

au ab aPa.

ab at
(4)

Equations (3) and (4) make up the basic behavioral model. If we

had knowledge of the exact form of U, it would be possible to calculate

This formulation depends on the assumption that y and z are ex-
ogenous. In the long run, it might be hypothesized that the level of
school spending will play a role in attracting families of given char -.

acteristics (y and z) to a community. If that were the case, we would
have y = y(e) and 2 = z(e), both relationships, presumably, operating
with a considerable lag. Such relationships are not included in the
models developed here. Therefore, the results should be interpreted
as applying to adjustment in the short run, during which the makeup of
the community remains constant.



the derivatives in Eq. (4) and to solve the pair of equations explic-

it for expenditures, e, and taxes, t. Before introducing explicit

functional forms, however, it is of interest to investigate more gen-

eral implications of the ,odel cDncerning local expenditure and tax be-

havior. That task becomes easier when the model is recast in a some-

what different form.

FORMULATION IN TERMS OF THE MARGINAL RATE OF TRADE-OFF

The expression on the left of Eq. (4) plays a role directly analo-

gous to that of the mar;inal rate of substitution in the theory of con-

sumer demand. We will term it the plarginal atrats of trade-off between

sek2o2 spending and taxes and denote it by m. Equation (4) may be writ-

ten in t-!rms of m as

r[e, (t, z] = coa. (5)

The marginal rate of trade-off may be interpreted as the amount of

additional tax per household that the district would be willing to im-

pose in order to obtain one additional dollar of educational spending

per pupil. Properties of m may bL. derived from the assumptions made

prviously about first and second derivatives of b and U and the stipu-

lation that U is additively separle. Referring to Eq. (la), deriva-

tives of m with respect to e, b, t. and y: respectively, are

( 2
3 U lae

2)

ac (ayab)(aLiat) < 0,

(au
1 /3e)[(az-/aoca2

U/ab
2d

<673

[(6u2tab) /a012
0,

3b "3

6,t1 ai
aY

<o

0.

(6)

In consumer demand tl-..v, the marginal rat_ !;ubs Li tution (MRS)
meas_ th,-1 number of un, if one good that a con- -rner could give up
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These
inequalities allow

unambiguous inferences to be made about the
signs of the effects of most

exogenous variables on levels of spending
and taxes. Among oth,=1- things, Cley assure that

education will not be

*an inferior good.

The nature of the marginal rate of trade-off function is shown
graphically in Fig. 1. Each contour in the figure is an

indifference

Preferred
positions

Fig. 1 - -The
mar,ginal rate of trade-offbetween school

spending and taxes(holding real income
constant)

curve,
representing

constant-utility
combinations of e and t for a given

level of y. At any point, such as (e0, t0),
the slope of the

preferencefor one unit of a second good without reducing his utility. If xi and

x2 are
quantities of the two goods and U = U(xl,

x2), the
condition of

constant utility is

dx
2

dU =
a7; =0, or au /au

all 7 au
ax

. ax
2 21

(ix ax dx
2

1
In this

model, the
condition of

constant utility while trading off ed-

ucation against taxes is
aU au

3
ab

dt 611 az. ah\

dU de + -7- a, = 0 orae 0 at
de ae \ab at/

= marginal rate of trade off.The assumption of
separability is sufficient, but not

necessary,

to establish the sins of am/e, dm/at, and dm/ay and to assure that

e is not
an inferior good.
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contour represents the marginal rate of trade-off, m, between real spend-

ing per pupil, e, and real taxes per household, t. As shown, the slope

decreases with increases in either e or t. Movement "southeastward"

in the diagram represents progress towards preferred positions, i.e.,

combinations of higher spending and lower taxes. In terms of the dia-

gram, the effect of an increase in y would be to increase the slope of

the indifference curves (value of m) at every point.

Heuristically, the rationale for the properties of m is as follows:

As educational outlay per pupil, e, increases, each marginal increment

becomes less urgent than the preceding one and the district becomes

willing to impose a progressively smaller tax to obtain it. Similarly,

as the level of school taxes per household, t, increases, each marginal

increment becomes more burdensome than the preceding one and the dis-

trict becomes progressively more reluctant to raise taxes still higher.

On the other hand, as income, y, increases, the burden of a given level

of taxes becomes less, and the district becomes more willing to impose

an incremental tax to finance an increment in public school support.

As was mentioned earlier, it would have been possible to begin the

analysis by defining the marginal rate of trade-off function and post-

ulating its properties. We would then have observed that in equilib-

rium the marginal rate of trade-off between spending and taxing must

be equal to the price ratio between them. Thus, we would have arrived

by a different route at Eq. (5). As we turn to examining expenditure

and tax behavior, it becomes much more convenient to carry out the anal-

ysis in terms of m than U. Therefore, Eq. (5) will be taken as the

starting point for the remainder of the discussion.

EFFECTS OF EXOGENOUS VARIABLES ON PER PUPIL EXPENDITURES

The most direct way to determine the effects on spending of changes

in the exogenous variables is to substitute the budget constraint rela-

tionship into Eq. (5), thereby eliminating t, then to differentiate to-

tally and solve for the change in spending, de. Substitution of Eq. (3)

into Eq. (5) results in

b[al:.a(e d), = cs:a.
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Total differentiation yields

)'.- de + 5. i=:--(at,-21...-:;:,-- (7:(1. + g)] + (c - f g)d(opa) + F 2.b,- dy + tr'1 dz.' = d(er-21),

The solution for de is

civ + ova d(f + a) - dz.' + [1 - (e - g)1-1 E1-1;7(00a)

am amSince and are both negative and
6y

is peqitive, signs of the in-
come,

ab

come, aid, and relative price effects are

de de > 0,
dy ' d(f g)

de
< O.

d(Wa)

The general form of the expenditure equation is

e = e[y, cpa(f + g), qpa, 2l (8)

where the plus and minus signs show the expected direction of the effect

of each independent variable on per pupil spending. The effect of z on

e will be positive for all z's for which
63

>0 and negative for all z's
amfor which <0.
az

Three implications of the model are of special interest:

1. Partial Substitution of Lump-Sum Aid for Local-Funds. The ef-
fect of a change in state or federal lump-sum aid is always positive,

but less than one, as can be seen from Eq. (7). The effect of a change

in lump-sum aid, holding other exogenous variables constant, is

67? 6b

de aPa ab at
d(f + g) 6m rt'

ae
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in which all three terms in the expression on the right have the same

sign. This result means that whenever a school district is given a

lump-sum grant, the grantor can expect some fraction of the grant funds

to go for increased per pupil spending and the remaining fraction to be

used for local tax reduction. In other words, the model implies that

lump-sum grants will always be partly additive to spending, partly sub-

stitutive for local taxes.

2. Unequal Income and Aid Effects. The model implies that the ef-

fect of an increase in lump-sum aid to a school district will be differ-

ent, in general, from the effect of an equal increase in the personal

income of district residents. Since income and aid are deflated by dif-

ferent price indexes, it is easiest to show this by considering the re-

sponse of total district spending in current dollars to changes in cur-

rent dollar amounts of income and lump-sum aid. Total district spending

is, by definition, PeAe; total income and total lump-sum aid are PsNy

and P
e
A(f. + g), respectively. From Eq. (7), the respective effects are

and

d(PeAe) P
e
A

de 1 dm db
d(PxNy) PxN dy pa

d(PeAe)
de , m abd[PeA(f + g)1 d(f + g) D ab at'

where D represents the denominator of the right-hand side of Eq. (7).

The factor a appears in the expression for de/d(f + g) because the aid

formula (Eq. 2) was written so that lump -sum and matching aid interact.

That, however, is not the important difference. Even with a = 1 (no

matching aid), the two effects differ by the ratio, [(622/6y)/(6b/601.

In general, that ratio will not equal one; therefore, the income and

aid effects on spending will not be identical.

For a range of reasonable assumptions about the nature of b(t, y),
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it can be shown that the effect of a dollar increase in aid will be

greater than the effect of a dollar increase in income. For example,

if the burden function depends only on the tax rate, i.e., b(t, y)

= b(tly), then, since t <y,

abiaY
t/Y

2

t < 1'abiat liy y

If the disutility of a given tax rate is assumed to decline with income- -

which is the assumption implicit in progressive taxation--then the in-

come effect becomes stronger. However, an absurdly rapid decrease with

income would be needed to make the income effect as great as the effect

of aid.

As was pointed out in the Introduction, the implication of unequal

income and aid effects is contrary to what would be obtained from a di- .

rect analog of the usual model of consumer demand. That model, in its

simplest form, would have the district maximize a utility function

U(e, x), where x = consumption of all goods other than education, sub-

ject to an income constraint, peAe + pxNx = pxNy + peA(s + f),t or

pale s f) + x = y. Maximization of U subject to the constraint

would lead to the condition m(e, x) = pa, where m = [(aU/6e)/(aUiax)]

= marginal rate of substitution between e and x. Using the same method

as before, we would obtain as the solution for de,

671

de
y + pad 6m

d(s + f) + - (e -

&71

ae pa 57T

]d(pa)

To illustrate, suppose b(t, y) = k(t/y)Ty-13, where both y and 13

are positive. Then abiat = (yb/t) and 6b/y = (y + In
order to have - Hablaymabiatm > 1, it would be necessary to have
[(y + Wyj(tiy) > 1, or a > y(y /t - 1). Actual values of t are on the
order of five percent of y or less, which means y/t = 20. Therefore,
assuming that y = 1 (which is very conservative, since it implies con-
stant rather than increasing marginal disutility of taxes), (3, would have
to be 19. To see how absurd this value is, consider how much of a rise
in the tax rate would be needed to offset the decrease in tax burden
attributable to a ten percent increase in income if b = k(tiy)1y-19.
The required increase would be (1.1)19 = 6.1; i.e., more than a 600 per-
cent increase in t to offset a ten percent increase in y.

tFor simplicity, matching aid is omitted.
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Effects on total spending of a dor: increase in either total income

or total aid would be identical:
, with the denominator represented

by D,

d(PeAe)

d(PxNy)
de 1 6m de

d(PeAe)

dy Pa D 3x d(s f) d[PeA(s f)]

Just such a model has been proposed by several writers on the effects

of aid on state-local spending. Therefore, an empirical test of the

inequality of incuwe and aid effects will be critical in choosing be-

tween the model proposed here and a number of available rivals.

A final note on this issue: It is easy to see that the education

versus other goods model is, in fact, nothing more than a special case

of the education versus tax burden model developed here. The two bud-
get constraints, pa(e s - f) + x = y and pa(e s f) = t, for the
"other goods" and tax burden models, respectively (assuming no match-
ing aid), are obviously identical because x = y t by definition. The

respective preference functions are U = U(e, x) = U(e, y t) and

U = V[e, b(t, y)]. The special case of the latter in which ab/6t

= ab/ay is exactly equivalent to the former. That is, the two models

become equivalent under the restrictive assumption that the welfare of

school district decisionmakers is decreased just as much by a decrease

in overall community income as by an equal increase in school taxes.

3. Equivalence of Matching Grant and Price Effects. The third

important implication of the model is that a change in either the rela-
tive price of education, p, or in the pupil/houshold ratio, a, should

be indistinguishable from an equal-proportionate change in the local

share, a, of expenditures under a matching grant. Since p, a, and a

enter into the model identically, it is evident that the elasticity of

expenditures with respect to all three must be the same. The important

practical consequence is that quantification of the composite price ef-
fect (opa) will make it possible to estimate impacts of matching grants,

See footnote, page 4.
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even where there is no past experience with matching grants to observe.
Since most state and federal aid to school districts in the past has
taken the form of lump-sum grants (a = 1), it is only this character:s-

tic of the model that permits predictions of the effects of an important
class of aid alternatives.

EFFECTS OF EXOGENOUS VARIABLES ON PER PUPIL TAXES

The response of local school taxes to changes in income, aid, and

prices can be calculated directly from Eq. (7) and the budget constraint,
Eq. (3). From the latter,

t = oloa(e g),

dt = apa[de d(f + g)] + (e - f g)d(opa).

Substitution of de from Eq. (7) into the above leads, after rearrange-
ment, to

dt

2:m z.,1) 671 6rn- ova
y

dy - opa d(f + g) [ova + (e - f - g)---jd(crpa) cepa -71 cizaz

ab

The income effect, de /dy, is positive; the aid effect, de/d(f + g), is
negative; the sign of the price effect, de/d(apa), is indeterminate.

Uncertainty about deld(cloa) is due to what, in consumer demand theory,

would be called opposing "pure price" and "income" effects. The pure
price effect makes other goods more attractive relative to education
when p increases, thereby tending to reduce both educational spending
and taxes. On the other hand, the price increase reduces the value of
revenue (the analog of the "income" effect in consumer demand theory),
which tends to stimulate a tax increase. There is no way to determine,
a priori, which effect predominates.

The general form of the tax equation is

t = tj, apa(f + epa, z], (9)

+ - ? +
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where plus and minus signs represent the expected polarity of each ef-

fect. The positive sign associated with z applies if z is defined so

that am/6z > 0.

EFFECTS OF LUMP-SUM AND MATCHING AID

Responses of per pupil spending to changes in the amount of lump-

sum aid per pupil and the local share parameter of a matching grant were

discussed above. We now ask the following somewhat different question

about the effects of aid: What is the change in real per pupil spending

per dollar of real per pupil aid when incremental dollars of aid are

provided (1) by increasing the amount of lump-sum aid, or (2) by de-

creasing the local share under a matching grant? This question is dif-

ferent from the ones answered'previously for two reasons. First, with

respect to matching grants, we have thus far shown only the resprase of

spending to a change in the local share parameter of the aid formula,

but not to a change in the actual amount of aid. The translation from

the former to the latter is not trivial because the amount of aid de-

pends on both the formula and the local response. Second, we have not

yet investigated the interaction between lump-sum aid and matching

grants. As was noted earlier, when both types of aid exist, an increaEe

in lump-sum aid will be partially offset by a decline in matching funds.

It follows that the increase in spending per dollar of total aid will

be greater than the increase per dollar of lump-sum aid; however, that

relationship needs to be quantified. The interaction also works in the

opposite direction: The change in spending per incremental dollar of

matching funds will depend, among other things, on the amount of lump-

sum aid provided to the district.

From the general expenditure equation, Eq. (8), we have

e aede =
a

dy +
.a(f

a

+ g) d(f + g) +
a( a)

d(apa),aY ap

which, with personal income, prices, and the pupil/household ratio held

constant, becomes



-20-

6e
a)

ade M ,
+
e

A d(f + G) +
(ap

.

.1

a

Total state and federal aid to the district is, from E. (2),

aid = f + g + (1 - u) (e f g) ,

from which

d(aid) = d(f + g) + 1(1 - a) [de d(f + (e f g)du

ad(f + g) + (1 - u)de (e - f g)da.

(10)

Looking first at the effect of a change in lump-sum aid, f + g,

let du = 0. Then, substituting Eq. (11) into Eq. (10),

or

de =
6e [d(aid) (1 a) de

a(f + g)

1 6e

de a(f + g)

6ed(aid.) 1 6e

+ g) a(f + 9)

(12)

Earlier we showed that 6e/6(f + g) is always positive and less than one.

The same is true, therefore, of the quantity 1 - be/b(f + g) in the

denominator above. It follows that de/d(aid), the change in real per

pupil expenditure per dollar of real per pupil aid, is also positive

but less than one. Notice that the larger the value of a, the smaller

the value of de /d(aid). In particular, when.orrol-matching aid),

de /d(aid) = 6e/6(f + g), which is the pure lump-sum aid effect.

Looking next at the effect of matching grants, let d(f + g) = 0.

Substitution of Eq. (11) into Eq. (10) yields
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de = a
ae r(1 - a)de d(aid)]

P (ova) L f g

de _ [pa; 0=2 f g),1[60/6(9pa)]
d(aid) 1 [(1 a)pal(e f g)l[6e16(apa)]

(13)

In this relationship, de /d(aid) represents the increase in spending per

dollar of aid when the means of increasing aid is a reduction in the

local share parameter, a. The sign of the aid effect is always posi-

tive since 6e/6(apa) < 0. However, the magnitude of de/d(aid) may be

less than or greater than one, which means that a matching grant may be

partly additive and partly substitutive as is lump-sum aid, or it may

be stimulative of greater local revenue effort than would have existed

in the absence of matching. A matching grant will be stimulative if

de /d(aid) > 1, which, from Eq. (13) is equivalent to

or

pa 6e > 1 (1 cl)Pa 6ee- f- g 6(apa) e- f g 6(4cl/oa)
'

6e e - f g
6(apa) apa

This becomes more meaningful when written in terms of the elasticity of

e with respect to apa as follows:

°pa'
elasticity =

a(tea)

_ e f g

A matching grant will be stimulative if the absolute value of the elas-

ticity is greater than the ratio of spending less lump-sum aid to total

spending per pupil. If lump-sum aid is zero, the condition is simply

that the elasticity be less than minus one. The effect of increasing
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lump-sum aid is to mar. the e: ct of a matching grant more stimula-

tive; i.e., a less el. is res77:nse of e to ova is needed for stimula-

tion when f + g be_om, .reateL-7:

AID PROGRAM OPTIMIZ4,i_

The same appn,ach may be lised to determine what combinations of

matching grant and lump-sum aid are optimal for achieving given objec-

tives of the aid grantor. Possible objectives include (1) maximization
of per pupil spending for a given amount of aid, (2) maximization of

the local contribution, given a fixed target level of per pupil spend-

ing, (3) maximization of per pup .1 spending, given a fixed ratio between

local contributions and aid, or (4) optimization of the distribution of

spending and/or taxes among a number of districts according to some

specified criterion, given the characterLstics of each district and a

fixed total amount of aid. To illustrate the optimality calculations,

consider the first objective--selection of the lump-sum aid amount,

f + g, and the local share parameter, a, that maxtmize per pupil spend-

ing for a fixed total amount of aid.

The constraint on total aid may be represented by setting d(aid) = 0
in Eq. (11). The resulting equation, solved for d(f + g), is

d(f + g) = f - g)da - (1 - a)dei .

Substituting the expression for d(f + g) into Eq. (10) yields

de = 6e 1 [(e f g)da - (1 - de)de] + pa
ae

, da.a(i + g) a
dkokpa)

To find the value 0.: c that maximizes e, set delda = 0, u-2:-

de [(e - - gia][ae/a(.1 + g)] + pa[ae/a(opa)]
= O.du- 1 + T(1 - cy)/(y][be/a(f + g)]
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The optimal value of a would be calculated from

e f -;1 6e/6(f + g)
a pa 6e/b(opa)

provided that the functional form of e(y, f + g, epa) were known. The

corresponding optimal value of f + g would then be obtained from the

aid equation, given on p. 20.

Of the objectives listed above, item (4), which concerns the dis-

tribution of aid among a number of districts, is by far the most inter-
esting It is also the most difficult to accomplish since the quantity

to be maximized is a function of per pupil spending in each district

and the aid constraint applies to the sum of lump-sum and matching

grants to all districts. A general theoretical solution to the multi

district problem would b.! too complicated to interpret. Such a discus-

sion is better couched in the context of a specific functional form of

the district expenditure equation.

VARIATIONS IN ASSUMPTIONS

One of the distinctive features of the model is that two of the key

exogenous variables, the relative price of education, p, and the ratio

of pupils to households, a, enter into the expenditure and tax equations

only in the combined form pa. This restriction on the form of the equa-

tions derives from the basic assumption that school districts trade off

public school outlays per pupil against tax burdens per household. That

assumption is plausible, but not the only one worth considering. There-
fore, we will briefly examine two other assumptions--also plausible a

priori--that imply somewhat different forms of the expenditure and tax
relationships.

The Pupil/Household Ratio as an Argument in the Preference Function

A reasonable case can be made for inclusion of the pupil/household

ratio, a, among the arguments of the school district preference func-
tion. A larger value of a means either that more taxpaying households
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have children in school, or each taxpaying unit has more children in

school, or both. That is, either more of the electorate will have a

direct interest in providing an adequate level of school support or

the interest of those directly involved will be more intense. Compar-

ing across communities, therefore, we would expect--holding other things

equal--that those communities with the highest values of a would be

Most inclined to support school taxes and to vote for school board mem-

bers inclined to increase educational spending.

To represent this factor, we can postulate a direct, positive ef-

fect of a on the marginal rate of trade-off between expenditures and

taxes. The marginal rate of trade-off would then be written,

= m[e, b(t, y), a, z],

with am/6a > 0. Referring back to the definition of m as - (aU/ae)/(aU/a1),

it can be seen that this specification is compatible with the assumptions

2
U

2
66 U>0, > 0-

aaae 6a6t '

that is, the marginal utility of an increment in e increases and the

marginal disutility of an increment in t decreases when a becomes lar-

ger.

The effect of this assumption is, of course, to make p and a enter

differently into the expenditure and tax functions. The general form

of the expenditure function becomes

e = e(y, f + g, a, apa, z). (14)

The sign of ae/aa (holding apa constant) is positive. If the equation

is written in the alternative form,

e = e(y, f + g, a, ap, z),
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then the sign of 6eAa is uncertain because the positive effect of a

exerted through the preference function may or may not outweigh its ef-

fect on the ratio of exchange between taxes per household and spending

per pupil. Even if the net effect is negative, we would expect the

elasticity of e with respect to a to be less negative than the elasti-

city of e with respect to ap.

Trade-off Between Education per Household and Taxes per Household

Another alternative is to assume that decisionmakers are concerned

with the balance between school expenditures per household (not per pu-

pil) and school taxes per household, but with the pupil/household ratio

entering into the preference function, as above. This is somewhat more

akin to a conventional consumer model than is the original formulation

in that it gives prominence to the proportion of income to be spent on

education. It recognizes, however, that the pupil/household ratio may

function as a taste variable in affecting that decision.

Define e" = ae, the real amount spend on education per household,

measured in units of educational purchasing power. The assumption about

U is that

U = b(t, y), a, z] = U[ae, b(t, y), a, z] .

Maximization with respect to the budget constraint (which does not change)

yields the marginal rate of trade-off equation

bUlbe#
m[ae, b(t, y), a, z] = ap.

au/at (15)

Note that only ap appears on the right-hand side of the equation. The

factor a is not present because both e and t are measured in units per

household.

Expenditure equations derived from this model have the general

form

e = e(y, f + cep, a, z) .
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This is the same form as was shown on p. 24 for the first variant as-

sumption; however, there are certain differences that emerge when the

models are cast in terms of a specific functional form, as will be

shown below.

EXPLICIT FUNCTIONAL FORMS

To obtain empirically testable expenditure and tax equations, it

is necessary to assume an explicit functional form for either m or U.

If the utility function is the starting point, and if a differentiable

function is specified, then the marginal rate of trade-off function, m,

can always be derived. The reverse is not alNays true. But whichever

function is taken as the starting point, derivatives of m must satisfy

Eq. (6). Other than that, the main criteria for selection of a func-

tional form are (1) empirical convenience, which means that the result-

ing expenditure and tax equations should be linear in the parameters,

if possible; and (2) avoidance of artificial a priori restrictions on

values pf the parameters. The three criteria are not easy to satisfy.

Only one functional form has been found, thus far, that conforms to

Eq. (6) and is linear in all parameters. Several other forms satisfy

Eq. (6) and are "nearly" linear--i.e., they are nonlinear in one vari-

able (the effective price variable, apa) and in one parameter. These

forms are presented below. The expenditure equations associated with

several of the forms will be used in the following section to make the

discussion of "extended" models more concrete.

T Lioar Expenditure Model

The preference function that satisfies Eq. (6) and yields linear

expenditure and tax equations is a modified form of the additive-log-

arithmic utility function used to derive the linear expenditure system

of consumer economics. The form is

The linear expenditure system is discussed in detail in R. A.
Pollak and T. J. Wales, "Estimation of the Linear Expenditure System,"
Eeonometrica, Vol. 37, No. 4, October 1969, pp. 611-628; and in A. S.
Goldberger, "Functional Form and Utility: A Review of Consumer Demand
Theory," unpublished draft, University of Wisconsin, 1968.
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U = bi log (e c1) + b2 log (c2

where the b's and c's are parameters and b
1

b
2

= 1. The parameter

c
I can be interpreted as a "minimum required" level of educational out-

lay per pupil; c2 can be interpreted as the "maximum tolerable" tax per

household. U is undefined for e < 01 or t > c2. The parameters bl and

b
2
are the incremental shares of additional lump-sum aid that the dis-

trict will allocate to educational spending and tax reduction, respec-
*

tively. The marginal rate of trade-off function is

bUlae bl ic2 t\m(e; t)
6U/ 3t b

2
\e - c

1
1.

Derivatives of m with respect to e and t are

677._
b
1 / 1 \

at
)< O.

2 1

Both have the required negative signs. The simplest way to include the

effect of income is to let the parameter 0
2

depend positively on y, say,

by letting c2 = do + diy, with di > 0. Then the derivative of m with

respect to y is

b d
77 1

d1

ay b2 e 01

which has the required positive sign.

Expenditure and tax equations are obtained by substituting the ex-

pression for m into Eq. (5), then solving Eqs. (3) and (5) for e and

t. Making use of the specification
'

b
1
+ b

2
= 1, the pair of equations

is

These properties of the linear expenditure model are analogous
to properties of the consumer demand model described by Goldberger,
ibid, p. 47.
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bl do + dry

1 b
1

e c
opa,

t = apa(e- f - g).

Solutions for e and t, omitting intermediate steps, are

e = ci + + g + do(1/apa) + dl(y/capu)

t = do + dly - b2[apa(f + g) apaci + do + do].

The linear equations that would be used for empirical estimation are

e
0
+

1
(f + g) + 13

2
(1/cepa) + 8 (y

I
apa),

t = yo + -ylopa(f + g) + y2apa + y3y,

where 60 = ci(1 bi) ,

6
1
= b

8
2
= b

1
d
0'

8
3
= b

1
d

YO d0(1 b2)'
y
1

= b
2'

Y2 = b
1
c

Y
3
= d

1
(1 b

2
).

An '.:,.ponential Form of the Marginal Rate of Trade-off Function

(16)

A form of m that satisfies Eq. (6) is the exponential function

1
e-3

2
t

m = 6
0
c gy) all 6's > 0,
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where e is the base of the natural logarithms and $(y) is any function

of y with properties vi(y) > 0 and V(y) > 0. Derivation of the ex-

penditure and tax equations corresponding to this form is very simple.

Taking logarithms of both sides,

log m = log 30 31e 32t + log $(y).

From Eq. (3) and Eq. (5), respectively, t = apa(e - f - g) and m = opa.

Therefore,

log (apa) = log 60 31e 32epa(e f g) + log gy).

Solving for e, we obtain

e = log 3 + log $(y) + 3
2
apa(f + g) log (Qpa)

3
1
+

2
apa

A convenient specification of the income term is to set $(y) = e
6
3
y

Then log $(y) = 63y. Redefine parameters as follows: yo = (1/31) log 30;
y
1
= - 1/6

l'
y
2
=

2
/3 ; and y

3
= 3

3
/3

1
. The resulting expenditure equa-

tiontion is

Yo + Yg + Y2aPa(f + g) + Y1 log (Ta)
e= (17)

2
1 + y apa

From the budget constraint, the tax equation is,

Another exponential form of m,

m =
0
e
-3

1
t
-3

2
S(y), all 3's > 0

also satisfies Eq. (6). However, it leads to a transcendental equation
that can not be solved explicity for e and t.
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QPaPO Y3Y (f g) Y1 lag (apa)]

1 + -y2apa
(17a)

Both equations are nonlinear in the price variable, opa, and in the
parameter y2. Although the equations conform to Eq. (8) with respect

to the 'signs of the income, aid, and price effects, one new factor is
added: Both income and aid effects vary in magnitude according to the
value of spa. The nonlinear form creates some difficulties, but it is

certainly feasible to estimate the equation by iteration over the sin-

gle nonlinear parameter, y2. We judge the form to be sufficiently man-
ageable to pose a viable alternative to the linear expenditure model

discussed above.

A Linear Marginal Rate of Trade-off Function

Perhaps the simplest functional form to analyze is the linear mar-
ginal rate of trade-off function,

m =
0

Rle R2 t + 133 y, all > 0.

Strictly speaking, this form is inadmissable because m becomes negative
for some values of e and t. However, viewing it as a linear approxima-

tion of m, valid only within a certain range, we can derive expenditure

and tax equations that are very similar to those of the exponential

model.

Making use of Eqs. (3) and (5), we have immediately,

This yields,

130 31e 132QPa(e f g) 3Y
spa.

13

0
+ 0

3
y + R

2
apa(f + g) - ova

e
13

1
+

2
opa
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Yo

Yi 11'1,

Y2 2/1'

Y3 3/131'

we obtain the expenditure equation

y0 + y3y + y2 opa(f + g) + y apa
1e =

1 + y2opa (18)

This is identical to Eq. (17) except that the price term in the numera-

tor is linear instead of logarithmic. We omit the tax equation since

it is identical to Eq. (17a) except for the same log-to-linear trans-

formation.

Note that with either the exponential or linear form of m, it would

be possible to obtain linear expenditure and tax relationships by assum-

ing y2 = 1 (i.e., 81 = 82). However, that would constrain the lump-sum

aid effect, de/d(f+ g), to be unity, which contradicts the results of

the general analysis cad is clearly unduly restrictive.

Effects of Variations in Assumptions

Finally, we examine the effects of the variations in assumptions

discussed on pages 23-26 when specific functional forms are applied to

the model. As an illustration, we use the last functional form dis-

cussed, which corresponded to the linear form of the marginal rate of

trade-off function.

The first alternative assumption was inclusion of the pupil/house-

hold ratio, a, among the arguments of the preference function. The

effect on the linear marginal rate of trade-off function would be to

add a positive term in a, i.e.,

m 130 131e 132t -I- /33Y -I- 4cz,
all 8's > 0.

The solution for e is the same as Eq. (18) except that a term in a ap-

pears in the numerator. The equation to be estimated is
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Yo + V 4 + Y3L, + V2DP,W-f' + + ylopa

1 + y opa
2

(19)

In fact, it is clear that any taste variable or community characteris-
tic appearing in the preference funtion would, like y and a, reappear
in an additional linear term in the expenditure equation.

The second alternative was to include educational expenditure per
household rather than per pupil in the preference function. That would
make the linear marginal rate of trade-off function

)77 =
2t 3h 4a' all 8's > 0.

The equation to be solved for e is

80 Alae - a2apa(e - f g) + a3y + a a = ap,

and the expenditure equation is

e =
1 + y2oltp

yo + y4(1/a) + y3(y/a) + y2ap(f + g) + yl(ap/a)

(20)

Equations (18), (19), and (20) constitute three alternative models
to be estimated, all conforming to the assumption that the marginal rate
of trade-off function is linear. It is possible to formulate similar
alternatives of the linear expenditure model, the model derived by as-
suming an exponential trade-off function, and any other form that sat-
isfies the requirements of the basic theoretical model. There is, there-
fore, a considerable array of alternatives to test in any empirical
study. That array will increase several fold as we consider possible

extensions to the model in the following section.
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III. EXTENSIONS OF THE MODEL

A number of factors not considered in developing the basic model

clearly have a hearing on school district financial decisions. The

following additional variables and relationships will now be examined:

1. Variations in nonschooZ taxes from one district to another

will lead to differences in per pupil spending. In general,

other things being equal, the higher the level of each such

tax, the lower will be local ability and willingness to spend

for education. However, each major type of tax has a different

effect and each must be examined separat:_iy,

2. Variations in the composition of local property tax bases will

also lead to differences in fiscal behavior. The most impor-

tant distinction to draw is between property owned by district

residents and voters (primarily residential property) and prop-

erty owned by nonresidents (primarily business property). Other

things being equal, the higher the proportion of the latter,

the more willing the district is likely to be to tax for educa-

tion. Howevc , there are a number of alternative hypotheses

about the nature of the tax base composition effect, and these

require analysis and comparison.

3. Equalization features of state aid formulas cause amounts of

per pupil aid to vary from one district to another within a

state, usually in inverse relationship to the local tax base

This tends to reduce the interdistrict expenditure variations

that would be observed if each district were left to rely

solely on its local tax base and a uniform per pupil grant.

The analysis of equalization provisions must take account of

their interaction with tax base composition effects and other

relationships in the basic model.

4. Categorical and noncagorical grant-in-aid may have different

impacts on spending. Thus far, the discussion has focused, by

implication, on noncategorical grants, since nothing has been

said about restrictions on the use of aid funds. In this sec-

tion, we will also investigate the effects of grAnt conditions

that impose binding constraints on the aid recipients.
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5. Growth in district enrollment is likely to have a negative ef-
fect on per pupil spending for current operations because it

diverts funds to capital outlay (building construction). No
attempt will be made to develop a complete model of school dis-

trict capital outlay and debt financing, but a simple analysis

will be presented of the effect of growth-induced capital spend-

ing on current expenditures.

Each of the five factors implies certain modifications of the basic
model. In discussing these "extensions" of the model, we will treat
each factor separately except where interactions among factors are crit-
ical. Later, we will discuss the combinations of factors that must be
incorporated into the model when it is applied to different bodies of
empirical data.

EFFECTS OF NONSCHOOL TAXES

There are likely to be variations among school districts in the

amounts of federal and state income taxes, state and local sales taxes,
and local, nonschool property taxes paid by their residents. Each

category of "other" taxes has a different effect on district fiscal be-
havior. Also, certain interactions among taxes and between school and

nonschool taxes must be taken into account.

Federal and State Income Taxes

The effect of income taxes is to reduce the amount of community in-

come, which, in turn, increases the burden of any given level of school
taxes. The simplest way to take account of this effect is to redefine

the income variable in the district preference function as y
D'

dispos-
able income, where

1D
= y - is tF, and is and tF are real state and

federal income taxes per household, respectively. Use to to denote
school property taxes per household, formerly represented by t. The

district preference function then becomes

U = b(te, yd, 21 = U[e, b(te, y - ts tF), 2] .
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The effects of increases in ts and tp are exactly equal, but opposite,

to the effects of identical increases in y.

Deductibility of School Taxes. This simple formulation does not

suffice if we wish to take account of the deductibility of school prop-

erty taxes from the taxable income on which federal and some state in-

come taxes are paid. Instead, we must work with income tax schedules.

Let yy) and t (y) be the average federal and state income tax rates

payable by the residents of a community with average. taxable income y.

Then state and federal income taxes per household with deductible prop-

erty taxes are is = t3(y te) and tF = tr(y te) . This makes the

amount of disposable income per household an endogenous rather than ex-

ogenous variable of the model and a variable that is itself dependent

on t
e

; i.e.,

YD Y tS tF Y t5(Y te) tF(Y te).

The form of the preference function becomes

U = U)e, b[te, yv(y, te)],

= U)e, b[te, y ts(y te) ty(y te)], z1

The effect of deductibility of school property taxes is reduce the

marginal disutility of a given school tax inciea . This can be seen

from

at
5

at
F

ateau

lab
ab ate [a (y te) a (y t

aYD

*
In general, the average income tax payable by residents of a com-

munity depends on the distribution of income among residents as well
as the average income. In this analysis, we neglect the distributional
factor and assume, in effect, that the income of each household equals
the average income per household of the community.
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The direct Tiegative effect of the tax increase, represented by bb/bt
e

,

is partly of'set by the increase in that occurs by virtue of the de-

ductibility of higher school taxes from the income tax base. Spending

per pupil and school taxes per household will both be higher because

of deductibility than they would have been otherwise. Moreover, the

effect of progressive federal taxation [e(y) > 0] is to provide a rela-

tively greater stimulus to school, spending in higher income communities.

An Alternative Treatment of Deductibility. Inman has proposed an

alternative treatment of deductibility. His approach implies that it

is not the total amount of school taxes per household, te, that should

enter into the preference function, but the net amount after deductibil-

ity of income taxes is taken into account. The net school property tax,

which we denote by t
e'

to t At -
e e S F'

where Lts = ts(y) ts(y - e), and AtF = tF(y) tF(y e). The cor-

responding form- of the preferen.3 function would be

U = U[e, b(t;, yp), zl

This is a more manageable form than that given on p. 35 because the de-

pendent variahl_ only enters in once.

The general LlIn.1:_lications of this model are similar to those of the

initial formuLiti al, especially with respect to the stimulatory effect

of property ta- -;j-actuctibility on school spending. However, it is obvi-

ous that differ:c= forms of the expenditure and tax equations are im-

plied. The same results are not obtained by viewing deductibility as

something that reduces the property tax bill as by treating it as some-

thing that augments disposable income. The point at issue is, Which more

accurately measures the disutility of taxes to district decisionmakers:

*Robert P. Inman, Four Essays on Fiscal FederaZisim, Ph.D. disser-
tation, Harvard University, 1971. Inman applied his model to cities,
not school districts. We have translated his approach into the termi-
nology used in developing our models.
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the total amount of property taxes levied or the net amount when deduc-

tibility is taken into account? If disutility is assumed to hinge on

adverse voter reaction to taxes, the question becomes, Which is more

closely associated with voter displeasure: the gross or net amount of

the property tax? If voters appreciate that the "real" impact of

school taxes depends on the income tax offset, then the Inman version

would be correct; but if they respond to the total school tax bill and

then react separately to income taxes, the initial version of the model

would be more appropriate. Clearly, the issue can only be settled by

empirical comparison of the two versions.

Sales Taxes

The effect of a sales tax is to raise the price of "other goods."

Therefore, if sales taxes are higher in one school district that in an-

other, the relative price of education is lower in the first than in

the second. The effect on school spending and taxes of imposing a sales

tax should be indistinguishable from the effect of an increase in px,

the price of other goods, by the effective sales tax rate.

Let t
SLS be the amount of sales tax paid per household per year.

Then t
SLS

Li/( te) is the effective sales tax rate on all gcois other

than public schooling. Denote that rate by r
SLS.

The price of other

goods, counting the sales tax in the price, is px(1 + rSLS)` The rela-

tive price of education is penpx(1 + rSLS)], or pl(1 + rSLS). There-

fore, imposition of a sales tax with an effective rat. r
SLS is equiva-

lent to a reduction in the relative price of public school inputs by a

fraction 1/(1 +
rSLS).

Unlike the income tax, which enters into the model only through the

preference function, the sales tax enters both through the preference

function and the budget constraint. Instead of in the preference

function, we now have yD/(1 + r51,5), which is the amount of other goods

that disposable income will buy, given the existence of the sales tax.

The modified budget constraint is

The effective sales tax rate is different from the nominal sales
tax because not all other goods are taxed. In particular, there are
no sales taxes on public services (other than education) that enter into
the "other goods" category.
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t rraPa/(1 rSLS)1(e f g)'

where apa/(1 + r
SLS

) is the new ratio at which it is possible to trade
off units of other goods for units of public school inputs. The effect
on expenditure and tax equations--both te general ones and those cor-
responding to specific functional forms of U--is to replace p with
pl(1 + r

SLS
) and

2-)D
with y /(1 + r

LS) whenever those variables occur.S
The sign of the net effect on real per pupil spending of an in-

crease in the sales tax rate is uncertain because the effects on price
and income terms of the expenditure equation work in opposite direc-
tions. The net effect .:_epends on relative magnitudes of the respective
coefficients.

Nonschool Property Taxe,:i

Property tax levies by other local governments (cities, counties,
special districts) may affect school district behavior in either or
both of the following ways: (1) by reducing community disposable in-
come, thereby increasing the burden of any given amunnt of school prop-
erty taxes; or (2) by increasing the total of scho:-± plus nonschool
property taxes, thereby increasing the disucility zf any school tax in-
crement.

The first effect is identical to the effect of income taxes and
would be represented within the model in the same way. That is, we
would write the preference function as

U[e, b(te, yD), z],

where yD would be defined by yp = y ts tF - to, with the new vari-
able, to, being other local property taxes per household.

The second effect would exist under the assumption that the welfare
of school district decisionmakers depends on the total local property
tax bill, not on the school tax bill alone. It would then be appropri-
ate to replace to in the preference function with total property taxes,
to + t

0' The preference function would then become
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U = U[e , b(te + to, yd, a].

There is an important difference in implications. Undr- the first

assumption, an increase in nonschool property taxes would have exactly

the same effect on school spending as an equivalent decrease in commu-

nity income. Under the second assumption, the effect would be the same

as that of an equivalent decrease in the .....L1lar amount of lump-sum aid.

An important feature of the basic model is that the magnitudes of the

two effects are different.

Neither assumption seems fully satisfactory. On one hand, it does

not seem adequate to treat nonschool property taxes like any other sub-

traction from income because a competitive relationship probably exists

between the two property tax levies. On the other hand, it is implau-

sible to exact that school officials would react only to the total

property ta: bill since the voters, whose reaction presumably counts,

are informed of the magnitude of the school tax component and are able

to make the distinction.

A third, but vaguer, alternative is to treat the level of non-

school property taxes as a separate argument in the utility function;

i.e. , to write

U = U[e, b(te, yd, to, z],

where yi) = y - is tp and a/Eat.° < 0. This information allows the ef-

fect of an increase in nonschool property taxes to fall in between the

effects of equivalent changes in income or lump-sum aid. In sum, there

*
ItIt fiscal decisions by school district officials depend on tax

rates set by officials of other local juridictions, then it is reason-
able to assume that the relationship is reciprocal; i.e., the level of
non-school property taxes should be affected by decisions on school tax
levies. That would make nonschool taxes an endogenous variable of the
model. In this analysis, however, we will neglect that feedback rela-
tionship (arid similar relationships that could be hypothesized in con-
nection with other "exogenous" variables) and continue to develop the
closed model of a school district responding to external influences that
it cannot control.
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are three alternative hypotheses about --he effects of nonschool prop-

erty taxes to be tested, each of which can be translated intn forms

corresponding to different functional forms of U.

Tax Financing of State Aid

Inclusion of state taxes in the model serves as a remirar that

state aid is not "free," but must be financed out of state taxes, which

ultimately must be payed by taxpayers in the local districts I.! fol-

lows that if a given increment in state aid to a district LF- accompanied

by an increment in state =axes, the pc,ftive effect of the :Lid on local

spending will be offset to a degree by the reduction = local uispos-

able income.

Assuming no federal aid, no state matching aid, and state taxes

consisting of income taxes only, we may write the general form of the

expenditure equation as

e = e(y ts, pag, pa, z).

Suppose that an increment in aid is fully financed, on a sta--ewide basis,

by an increment 4n state income taxes. Then, in an "average" district,

we would have dt = d(pag)

( 6e be
d(pag).de =

b(pag) b(y ts)

As long as the aid effect exceeds the income effect there would

be a net positive effect on real per pupil spending even though the

same amount of money is taxed away from local citizens as is returned

to the school district in the form of aid. This result--which sharply

contradicts what would be predicted by a direct analog of the consumer

demand model--derives from our initial decision to formulate the model

in terms of preferences of district decisionmakers, rather than those

of the community.

See p. 15 ff.
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More generally, of course, we would not expect the increment in

come taxes paid by the community to be exactly equal to the increment

in state aid to the district. With a progressive state tax system, dis-

tricts with above average household income would be likely to pay 7/310M--

in taxes than they would receive in aid. Moreover, if aid funds wert

distributed on an "equalized" basis (see the discussion of equalizatirn:

below), districts with high tax bases would receive lower-than-averagl=

per pupil grants. A district with both a high tax base and a high

of household income might have to pay several times as much in addi-

tional taxes as it received in additional aid. In such a case, the c(-

bined effect of the aid-income tax increase could be to reduce per pIa-

pi1 spending. In the aggregate, however, the model predicts that tha

effect of an aid increase will be positive even when the increase is

fully financed out of taxes. The effect will not be as positive, ob-

viously, as in the case where more aid is.provided without a correspo=:,-

ing tax increase.

THE LOCAL PROPERTY TAX BASE AND ITS COMPOSITION

Although we have acknowledged that local school taxes consist of

levies on property, that fact has not yet influenced the form of the

model. The tax variable, t , could equally well have represented the

amount of any other form of tax, and we would have written the preference

function and budget constraint equation exactly the same way. However,

the form of tax does make a difference. It is just that the main effect

appears not to be due to the use of property taxation per se, but to
the fact that property tax bases are not homogeneous from one district

to another. Therefore, our analysis will focus on the tax base composi-
tion effect.

Tax Base and Tax Rate

One can readily account for interdistrict variations in tax rate

by introducing tax rate and property tax base variables into the basic

model. Recall that the two equations of the basic model are
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mp, b(t, yD) , = apa,

t = apa(e f g).

Under the original assumption that all school property taxes are paid

by district residents, we can write a tax identity,

t = rv,

where v is the real assessed value of taxable property per household

and r is the property tax rate. Once Eqs. (3) and (5) are solved for

t, the district tax rate can be calculated as r = t/v. However, it is

evident that the substitution of ry for t has no effect whatever on the

determination of school district spending. The model simply says that

the value of v will determine the tax rate needed to raise the prede-

termined tax per household, t. The amount of property per household,,

v, exerts no independent influence on levels of school spending or taxes.

The Tax Rate as an Argument in the Preference Function

It may be of interest to examine an alternative model in which the

local property tax base does have an independent effect, contrary to

what was said above. That model is one in which the tax rate, rather

than the amount of tax per household, enters into the utility function.

A possible rationale for such a formulation is that citizens may judge

the fiscal performance of their school officials by comparing the school

tax rate in their district with the prevailing rate in other districts.

A form of U that embodies this rationale is

U = U[e, b(r, r0,, y),

where r is the tax rate in the district in question and r0 is the pre-

vailing tax rate in the surrounding area. The burden of a given tax

It is assumed that assessed value is a constant fraction of mar-
ket value across districts. Real assessed value is defined by deflat-
ing the current dollar value by the general price index, px.
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rate, r, is assumed to increase with r and to decrease with r
0

and y.

The budget constraint, obtained by substituting ry for t in Eq. (3),

is

r = aPa (e f g)-v

Maximization yields a marginal rate of trade-off equation,

m[e, b(r, r0, y) , z] = ar

The expenditure and tax rate equations obtained by solving the above

pair of equations will have the forms

e = e(r
0

, y, z, f opa+ g, v),

r = r(r
0
, y, z, f + g, or).

Differences in 9 will affect expenditure levels through the price-like

term, opa/v. The model implies that, other things being equal, per

pupil spending will tend to increase with V because higher V makes it

possible to support a given level of spending with a lower tax rate.

The shortcoming of this model is that it depends on a "tax rate

illusion." Decisionmakers :n low tax rate districts are assumed to be

better off even though they may be taxing away as much of their citi-

zens incomes as officials of districts with lower tax bases and higher
*

rates. The intuitively pleasing feature of the analysis is that it

The implausibility of this model emerges when we compare districts
that differ in the ratio of assessed property value to income. Suppose
that two districts are identical with respect to .disposable income per
household and all other characteristics except assessed value. Suppose
that assessed value per household is one and one-half times as much in
the second district as in the first (say, for example, because land val-
ues are higher in the second district). A model that had tax rate as
the argument in the preference function would predict equal tax rates
in the two districts; but equal tax rates would mean that taxpayers in



-44-

implies a positive relationship between assessed property value and

school spending, which, as is well known, exists in the real world.

We will show, however, that the same result is implied by a model that

takes tax base composition into account without the assumption that

tax rate is the proper measure of the burden of school taxes on the

citizens.

Composition of the Tax Base

The property tax base of each district consists of both property

owned by district residents and property owned by nonresidents. Most

residential property is likely to be owned by local residents and vot-

ers. The same is not nearly as likely to be true of business property,

such as commercial, industrial, and agricultural holdings. It is rea-

sonable to assume that it makes a difference to district officials

whether school taxes fall on local residents and voters or on outsiders.

Under that assumption, differences in the composition of the tax base

(proportion of property owned by nonresidents to total property) wi'

lead to differences in levels of school taxes and expenditures.

As a practical matter, it is impossible to obtain data on resident

versus nonresident ownership of property. Therefore, we will assume

that residential property is owned by local residents and business prop-

erty by outsiders and conduct the analysis in terms of the residential

versus business distinction. Accordingly, we define two new variables,

v
R'

the real assessed value of residential property per household, and

B'
the real assessed value of business property per household in the

district. The two are related to total assessed value per household,

v, by V = vR + vB. It is also convenient to decompose the property tax

into two components, the school property tax on residential property

the second district would be sacrificing one and one-half times as much
of their incomes for education as the taxpayers in the first, even
though incomes and all prices were the same. If anything, the effect
should be in the opposite direction because home owners in the high tax
base district have to spend more for housing, leaving less for all other
purposes including education. Even if that effect were ignored, how-
ever, it is difficult to see a rationale for dissimilar behavior in the
two districts of the kind predicted by the tax rate versus spending
model when the real trade-off possibilities are so nearly identical.
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per household, tR, and the school property tax on business property (also

per household, for symmetry), tB. These are defined by tR = rvR and

t
B

= ry
B.

It is assumed that the same tax rate, r, must be applied to

both residential and business property. The total school property tax

per household, te, is related to the two components by t
e

= tR + tB.

The Effect of Tax Base Composition on School Spending

We examine local fiscal behavior under each of two assumptions about

district preferences with respect to property taxes:

o Case 1: Only taxes on district residents count. There is no

disutility associated with taxes on business property.

o Case 2: Both components of the property tax count, but they

have different weights in the eyes of district decisionmakers.

Case 1 leads to a simple model in which the tax base composition vari-

ables play a role similar to that of the local share parameter of a

matching grant. Case 2 requires a more elaborate analysis in which

two interrelated tax burden arguments enter into the district preference

function.

The Simple Model (Case 1). The assumption that only taxes on resi-

dents count can be expressed by substituting tR for t
e

in the prefer-

ence function. That makes

U = U[e,

The budget constraint remains

t
e

= tapa(e - f g);

however, by making use of the identities that interrelate components of

school taxes and the property tax base, we have

t
R

t
e
= ry = v,

V
R
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which permits us to write the constraint in terms of tR as

t
R v

=
R
apa(e f g) .

The quantity VR/v is, of course, the fraction of the property tax base
that is residential.

By comparison with Eqs. (5) and (3), it is apparent that these equa-
tions have exactly the same form as the equations of the basic model ex-
cept that t

R replaces t and the composite price term of the basic model,
apa, has become apaVR/v. The resulting expenditure equation has the
same form as Eq. (8) except for the transformed price term; i.e.,

e = elyv, f + g, (vR/v)apa]..

The equation for tR is the same as the equation for to in the basic
model except for the same transformation:

tR [y, f + g, z, (vR/v)apal.

Total educational taxes per household is given by

to = (v /vR)tR = (v/v
R [y, f + g, z, (vR/v)olipa).

There is a simple interpretation of the results. With vB dollars
of business property for every vR dollars of residential tax base, each
one dollar of tax levied on residential property brings in a total of
1 + v

B
lv
R dollars in property tax revenue. The share of property taxes

paid by residents is, therefore, 1/(1 + vB/vR) = vR/(vR + vB) = vR/v.
Each dollar of local revenue raised by residents is matched by revenues
collected from business property owners in such a way that the residents'

share of property taxes is vR/v. That ratio enters into the model in
exactly the same way as the local share parameter, c, of a state matching
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grant. Therefore, the effect of variations in vR/v among districts

should be indistinguishable from the effect--in the absence of tax base

variations--of a program of matching aid in which each district was as-

signed a local share, vR /v.

According to this model, the effect of an increase in v with v
R

held constant (i.e., an increase in v
B
) will be to increase per pupil

spec' ng. The effect of an increase in 0R with vB held constant is to

increase the ratio 7.1x /v; which implies a decease in e. Therefore, the

answer to the question, "Does per pupil spending increase with assessed

property value?" appears indeterminate. The model says "yes" if the in-

crease is in business property; "no" if it is in residential property.

However, this answer neglects the fact that residential property and

disposable income are likely to be closely related--a phenomenon that

modifies the result, as we will show below.

A T'o-Tax Model (Case 2). A model in which residential and busi-

ness property taxes both count can be developed from the preference

function

U = bR(tR, y), bB(tB, w)],

where b
R

and b
B are property tax burdens on residential and business

property (both measured per household), and W is some measure of busi-

ness income (e.g., sales, profits), which is assumed to affect the bur-

den of a given level of business property tax. From the budget con-

straint and the identities defining tR, tB, vR, and vB, we can make the

substitutions, tR = (vR/Ot, tB = (vB1v)t, and t = apa(e - f - g). As-

suming that U is separable in e, bR, and bB, that gives us a preference

function in which e is the only dependent variable:

v
RU = Ul(e) + U2(75-- pa(e f + u (i pa(e - f g), (21)

The first-order condition for maximization of U is
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aU au
2

v
R

aU
3

v
B

4- at v pa 4- 6t 17 Pa 13*

Since we are primarily interested in the response of per pupil spending

to change in the tax base composition variables, vR/v and vB/v, we hold

y, w, f, g, and pa constant while differentiating the above equation.

Then, noting that vB/v = 1 - vR/v and d(vR /v) = - d(vB /v) by definition,

we obtain as the expression r de/d(vR/v),

62U2 a2U3 6U2
3

de

aU(e - f-
g) 1

atR
v

at
B

at
R at

B

a2 Ul vR
2 v

R a2 U3

2 + (pa)
6 U2

+
v 2

at
R

at
B

Since vR
/v and v

B
/v entered symmetrically into the preference function

and since the effect on e is the resultant of opposing changes in the

two variables, the sign of deld(v
R
IV) is naturally, indeterminate.

However, note the following: As the fraction of business property,

v
B
lv ur 1 - vR /v, becomes small, the terms in U

2
tend to dominate, mak-

ing deld(vR1v) negative.
That is to say, when the fraction of business

property is small, increases in that fraction tend to raise per pupil

spending. Conversely, when the fraction of residential property is

small, de/d(v
R
/v) tends to become positive, which means that reductions

in the fraction of business property will have a positive effect on

spending. The only general conclusion that can be stated is that per

pupil spending depends on the proportion of vR in the tax base; i.e.,

e = e(y, w, g + f, pa, vB/v), (22)

but the sign of the effect of vR/v is not specified a priori.

In practice, the amount of residential property per household, vR,
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is likely to be closely related to household income, y, and the amount

of business property, vB, is likely to be linked to business income, W.

Therefore, it should be possible to translate the tax base composition

variable, vR/V, into some function of y and w. A plausible hypothesis

for empirical testing is that e will vary according to the ratio, ylw,

of personal to business income. In accord with the preceding analysis,

we would expect to find e increasing with y/W up to a point, but de-

creasing thereafter. The greater the weight that decisionmakers assign
.

to taxes on district residents relative to taxes on business, the greater

will be the range over which per pupil spending is a decreasing func-

tion of v
RIv or ylw.

The Relationship Between Residential Property Value and Personal Income

Unless the relationship between disposable personal income and res-

idential property value is explicitly included in the model, there is

likely to be a confounding of income and tax base influences on spend-

ing. In particular, the operation of the tax base composition effect

is likely to be obscured. Therefore, we briefly examine the conse-

quences of incorporating an explicit relationship between vR and y into

the expenditure equation, Eq. (22). We consider the case where deci-

sionmakers weigh taxes on residents more heavily than taxes on business

and would choose, if they were able, to impose a higher tax rate on

business than on residential property.

The amount of housing services consumed in a community (rent payed

for rental housing plus imputed rent of owner-occupied homes) is, like

consumption in general, likely to be closely correlated with income.

The ratio of housing services to the value of residential property de-

pends on locational and environmental factors and other characteristics

of each community. We can express the relationship between v
R and y as

vR= vR(y' 21)'

where av
R/6y > 0 and z

1
represents the aforementioned community charac-

teristics. The tax base composition variable, v
Rlv, then becomes

21)1[vR(y, 21) + v3], the value of which increases with y and
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decreases with v
B. Taking account of that relationship, the effect of

vRlv on spending can be decomposed into three terms:

ae 6(v
R
Iv)

a(V iv)
=

a(v
awl

dzd(v
R
1v) =

a(vR
1v) ay 1

+
av

B
dv
B

where ae/a(v
R/v) < 0, a(vR/v)/ay > 0, a(vR/v)/avB < 0, and a(v

R/v)la.P.
1

> 0
if z

1
is defined in such a way that av

R/az < 0.

The effect of income on expenditure in the above expression is, of
course, distinct from the ordinary income effect represented in Eq. (22).
Therefore, the net effect of an increase in income is the sum of a posi-
tive direct effect and a negative effect operating indirectly through
the tax base cc .position variable. The effect of an increase in v23, is

unambiguously poeltive and the effPrt of an increase in a,, if 2
1

is

defined as specified above, is unambiguously negative. Therefore, our
conclusions regarding the effect of tax base differences on spending
must encompass the following three cases:

1. Districts A and B are identical except that district A has more
business property per household. The model predicts that spend-

ing will be higher in district A than in district B.
2 Districts A and B are identical in all respects except that

dist ct A has higher residential property value per house-

hold than district B because of differences in some of the
locational or environmental characteristics included in 21.

The model predicts that district A will spend less per pupil
than district B.

3 District A has more income per household than district B and,

because of that, also has higher residential property value
per household. The sign of the expenditure difference is am-
biguous. If the direct income effect outweighs the tax base

composition effect, district A will spend more. If the com-
position effect predominates, district B will spend more.
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The question, What is the relationship between per pupil spending and

tax base? does not have a simple answer. It depends on the factors

causing tax base differences and their interactions.

Illustration Using the Linear Expenditure Model

The impact of the tax base composition effect and the income-prop-

erty value relationship on empirically testable forms of the model can

be illustrated with the previously discussed linear expenditure model.

From Eq. (21), it is clear that the tax base composition effect is as-

sociated with the tax term rather than the expenditure term of the pref-
erence function. Therefore, a suitable form of the additive-logarithmic
preference function is

U = bl log (e - c1) + b2 log ) Cyr vR(y, zi)/v] - ti.,

or, if e2 is assumed to depend linearly on the indicated variables and

if VR is linear in y and zi,

zU = b
1

-log (e c 1) + b
2

log (d
0
+ d

1
y + d2 1-

+ d
3 V

+ d
4 v ,v

U-

where d
1
>0 and d2, d3, d

4
are all negative. This leads to an expendi-

ture equation,

e = c +bik+d Y-- --E, I )( f+g-cl 1 pa
+d

2 pa1Y
+d

3 pay
+d

4 pay
.

The two terms containing y have opposite signs, as expected. The effect

of an increase in v, holding y and el constant (which is to say, an in-
crease in v

B
) is positive. Property value interacts with income and

the price variable, pa, as well as with al.

See pp. 26-28.
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A potentially important feature of the equation is that only values
of y and v are needed to estimate the tax base composition effect, at
least under the linearity assumptions concerning v

R.
Since data on v

Band v
R are likely to be difficult to obtain, this characteristic of the

model may be the only thing that will permit empirical tests,

EQUALIZATION PROVISIONS OF AID FORMULAS

In most states, one of the important purposes of state aid to

compensate, or "equalize" for interdistrict differences in ability to
support publi_ schools. To that end, states allocate aid in inverse
relationship to what the term the "iinanclui ability" of each district,
which - -- almost universally--is defined as the total local property tax
base per pupil (v/a in our notation). Given the results of our anal-
ysis of tax base and tax base composition effects, it is evident that
such a concept of "ability" raises some serious questions. If the anal-
ysis shows anything, it is that the relationship between total tax base
and educational spending is neither simple nor, necessarily, unidirec-
tional. Therefore, the issue arises: How does an aid formula based on

property value actually affect interdistrict variations in spending?
Apart from that, we must deal with the technical question of how equal-

ization provisions affect the form of empirically testable expenditure
equations.

Forms of Equalization

Throughout this report, we have assumed that state aid to public
schools has the form

s = g + (1 - cx) (e g) ,

i.e., lump-sum aid plus matching of all local spending in excess of the
lump-sum aid amount. Equalization means that either the lumpsum amount,
g, or the matching parameter, a, or both, vary from one district to an-
other according to the property tax base per pupil,. In general, there-
fore, we must allow for the relationships
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g = g(vIa),

a = a(v/a) ,
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where g'(vIa) < 0,

where a'(v/a) > 0.

Recall that a is the local share of matching aid, and that lower a means

a larger grant from the state.

The Foundation Aid Formula

The aid formula in most common use in the United States is based

on a concept called the foundation program. Briefly, the idea is that

each district should be able to spend a specified minimum amount per

pupil--no matter how poor it is or how lacking in taxable property--
provided only that it is willing to make a specified minimal "fiscal

effort." Just as "fiscal ability" is measured by the amount of taxable

property per pupil, "fiscal effort" is measured by the tax rate. There-
fore, the operational meaning of the foundation formula is that the

state will pay .to each district the difference (if greater than zero)

between the specified minimum, or "foundation," amount per pupil and

the amoui,t raised locally by imposing the stipulated minimum property
tax rate. That difference is greater the lower the local tax base; it

vanishes for districts that have more than a certain amount of property

value per pupil. Any district that wishes to tax at more than the spec-
ified minimum rate may do so, but the proceeds from the added levy will
be strictly proportional to local assessed value per pupil.

The foundatiOn aid formula may be written

s

= e0
pa

r0v

where eo is the real value of the foundation amount and r0 is the mini-

muu required property tax rate. The pa term is needed becat:se v was
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defined as property value per household, deflated by px, while s and go

are measured in dollars per pupil, deflated by pg.

Actual foundation aid formulas in the several states contain many

other features, few of which are of theoretical interest. The only

addition that we will acknowledge is the T, n one, inchJsic of

a "fle - undo the amount of aid i pub it to be received by each dis-

trict. li the peal value of that floor is represented by b, the aid

formula becomes

PnV
g = max (b, e -

0 pa

According to this formula, aid always has the form of a lump-sum grant,

but the amount of aid may be either the flat grant amount, b, or the

variable amount. go r
0
v/pa.

If the model is applied to a set of data from districts that re-

ceive aid under a foundation formula,. it will be of interest to estimate

the effects of changes in the formula parameters, e0, ro, and b. Two

subsets of observations must be considered: those corresponding to dis-

tricts that receive the flat grant amount of aid, b, per pupil, and those

from districts that receive equalization aid according to the formula

given above. If the linear expenditure model is used, the flat grant

case can be accommodated by Eq. (16) simply by making the substitution

g = b, and the equalization case by making the substitution g = e0 - rovlpa.

An expenditure equation that permits the full set of data to be used

can be written if we define a dummy variable, cS, such that d = 1 if

eo roVIpa > b; 6 = 0, otherwise. Then, the expression to be substi-

tuted for g in the expenditure equation, Eq. (16), is

(1 6)b + 6 E0 pa
.



-55-

Variable Matching F. rmul2s

A formula used -H. ,Dal a states present, but important in
scilc..:11 finance L:,it-cing, Ls a variable matching ("percentage equaliza-

tion") formula that makes the local share, a, an increasing function
of the local tax base. That formula can be written,

)/a

L_
0 (v/a)0)

where (v /a)0 is the average value of assessed prc_perty puyil in
state and a

0
is the local shar 1,;:rameter apploable to a district whose

tax base per pup;) cquas the :latewide average. The parameter ao is
a policy instrument that sets the average statewide ratio between state
and local support for the schools. The rationale for the formula is

that it provides the same level of per pupil support to all districts
that levy the same tax rate, no matter how small or how large the per*
pupil tax base. The aid formula may also stipulat,,

of aid per pupil to be pr=ided t: d:_-z4rict and either an aid
or a spending to be matched. Assuming the Lat-

ter, we can write the aid formula, including upper and lower boundE,_as

s = max b, [1 - ce0(1=1 )] min (e - f, em) ,

'0

where b is the aid floor and em is the maximum amount of per pupil spend-
ing that the state is willing to share.

If districts receive aid under a formula of this type, three sub-
cases must be considered in estimating the model: districts that re-
ceive the flat grant amount b; those that receive a variable lump-sum
grant, {1 a

0
[-V/a(V/a)

0
De

m' and those that receive matching aid with

. This is true for all but the wealthiest districts, vitich would
have to receive negative amounts of aid to be placed on an equal foot-
ing with the others.
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a local share parameter equal to - a0p/a(v/a)011. Only in the third

subcase will aid appear to have the form of a matching grant. To esti-

mate the model where observations include all three subcases, we would

substituLe for o and a in (16),

)1g = 611; + 62[1 c''O(v/(2)0
e ,

vla01- (1 61- 62)[1.
°20((_v 1(1)0)1

where 6
1
= 1 if the district receives the flat grant amount b, zero

otherwise,

67 = 1 if the district spends over the expenditure ceiling, e
m

(excluding foeral aid), zero otherwise.

Assessment of Formulas that Equalize According

to Property Value per Pupil

Since the purpose of equalization is to reduce expenditure dis-

parities among districts, the efficacy of a formula based on property

value depends on the relationship between the property tax base and

spec ing. If spending per pupil tends to be positively related to prop-

erty value per pupil in the absence of equalization aid, then the equal-

ization formulas will tend to work in the right direction.

From the analysis in the last section, we can conclude that the

equalizing effect will operate in the right direction in most situations;

in some instances, however, the theory predicts that the effect will be

perverse. Moreover, even where the direction of the effect is correct,

relative magnitudes of aid may be inappropriate because of the disparate

expenditure tendencies of districts with different tax base compositions.

Consider the different sources of tax base inequality: First, to

the extent that tax base variations reflect differences in the amount

of business property per pupil, districts with higher tax bases will

tend to spend more. Therefore, distribution of aid in an inverse
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relationship to tax base will have the desired equalizing effect. Sec-

ond, where districts vary in household income and, for that reason, in

the value of residential property per pupil, there may still be a posi-

tive relationship between property and spending, as the formula assumes.

If the income effect predominates over the tax base composition effect,

equalization will work in the right direction. Third, where districts

are equal in business property per pupil and in household income, but

unequal in residential property per pupil because of locational or other

factors, the theoretical analysis says that equalization will operate

in the wrong direction. Districts with higher residential property val-

ues would tend to spend less on schools, other things being equal, both

because of the adverse tax base composition effect and because larger

shares of residents' incomes would probably go for housing. Yet such

districts will actually receive less aid from the state. Equalization

according to property value per pupil will have an effect opposite to

that intended.

Approaching the problem somewhat differently, we can distinguish

three cases in which the equalization formulas will either fail to ad-

just adequately for expenditure disparities or will actually make the

disparities worse:

1. When residential property value per pupil varies among districts

because of locational or other factors, the aid formulas may

actually cause greater disparities than would have existed with

flat grants.

2 When districts have equal amounts of assessed property value

per pupil, but different mixes of residential and business

property, the aid formulas will do nothing to relieve expendi-

ture disparities stemming from differences in tax base composi-

tion.

3 Finally--a point not yet covered--when districts are equal in

property value per pupil, but not in property value per house-

hold, the aid formula will -'-t-hing to compensate for ex-

penditure variations-Era may arise because of differences in

See p. 50.
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numbers of pupils and income per household, both of which are

important expenditure determinants.

In sum, there are enough intervening variables in the tax base-expendi-

ture relationship to make equalization according to property value a

highly imperfect instrument for achieving fiscal equality.

CATEGORICAL VERSUS NONCATEGORICAL AID

The way in which aid was treated in the basic model is valid only

if (1) the aid is noncategorical (not "earmarked" for any specific dis-

trict program or function) or (2) categorical, but with a nonbinding

constraint (i.e., the aid recipient would have spent at least the stip-

ulated amount for the aided function even with no earmarking). Cate-

gorical aid with a binding constraint--one that forces the recipient to

spend more for a function than he would otherwise have spent willingly- -

must be treated differently.

The standard way to analyze the effect of a categorical grant is

to formulate a two-good model, with the aided function as one good and

all other district activities as the second good. Such a model can be

used to show how different amounts and forms of aid and different types

of restrictions influence expenditures for both aided and unaided func-
*

tions. We will make use of a simple, special-purpose two-good model

in which the level of district expenditure for the categorically-aided

function is assumed to be set administratively by the grantor. The

purpose of the analysis is to find out how the level of total district

spending is affected by that form of restriction.

We use the following notation:

e
c = real per pupil spending for the categorically-aided pro-

gram or function,

e
u = real per pupil spending for all other district activities,

gc = real categorical aid per pupil (assumed to be a lump- -sum

grant),

gu = real noncategorical aid per pupil (also a lump-sum grant).

*See, for example, Alan Williams, Public Finance and Budgetary
Policy, George Allen & Unwin Ltd., London, 1963, pp. 176-180.
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It is assumed that the same cost-of-education index applies to both e
c

and e
u and that these is no matching aid. Total expenditure per pupil,

e, is given by e = ec + eu.

District preferences with respect to different combinations of e
c'

e
u' and taxes are represented by the preference function

V = U[eu, ec, b(t, y)].

The key assumption that the value of ec is administratively constrained

will be expressed by requiring ec = kgc. The case where k > 1 corre-

sponds to a closed-ended matching grant, under which the district is

required to spend k 1 dollars on e
c for every dollar provided by the

aid grantor. The case of k < 1 may be thought of as a situation in

which the district is nominally expected to spend the full amount of

categorical aid for the stated purpose, but in which imperfect enforce-

ment permits a fraction 1 k of aid funds to be diverted to other uses.

Alternative interpretations are also possible.

Taking account of the binding constraint on e
c
, the preference

function is

U = kgc, b(t, y)].

The'budget constraint equation is

t = pa(eu + ec gu gc) = pa[eu - (1 - k)gc gu] .

The marginal rate of trade-off equation obtained by maximizing U subject

to the constraint (after substituting the above expression for t into
U) is

m Leu, kgc, b)pa[eu (1 k)gc yt] = pa.

By differentiating-the latter, first with respect to gc and then with

respect to gu, and rearranging terms appropriately, we obtain the fol-

lowing effects of categorical and noncategorical aid.
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de
k(6,n/aeu 67//aec) + pa(6m/617)(3b/60

dgc
. 6,71/aec + pa(6m/6b)(db/6t)

de Pa(6m16b)(ablat)
dgu amiaeu + pa(am/ab)(6b/at)

Since k < 0, the categorical aid effect, deldg
c

, will be greater than

the noncategorical aid effect, de/dgu provided that 6m/aeu - am/6ec is

negative. We know that 6m1/6e
u

is negative, since it is analogous to

672/6e in the basic model. Therefore, the question is: What is the

sign and magnitude of aim/ae
c
? That depends on the relationship between

e
u

and ea. If e
u

and ea are complements, then an increase in e
c

would

tend to make a district more willing to tax itself. That would make

am/ae
c

positive and deldg
c
> deldgu If e

u
and ea are substitutes,

then am / ae
c

will be negative and the relative magnitudes of deldg
c

and

de/dg
u

will depend on the strength of the substitution relationship.

In general, the sign is indeterminate, but the effects of categorical

and noncategorical aid will be unequal. This result must be allowed for

in empirical studies.

To illustrate the effect on an empirically-testable expenditure

equation, suppose that we were using the nonlinear form represented by

Eq. (18). Noting that the forms of deldgc and deldgu are similar ex-

cept for the extra term in the numerator of deldg
c

, we can write the

expenditure equation with one term in total aid, gu + gc, and another

term in gc only. The modified form of Eq. (18) would be

e
10 4- YlY Y2aPa(gu go) kY3gc YOPa

1 + y2opa

The test for a differential effect of categorical aid is that the co-

efficient of the g
c

term, which is the product k13' not be equal to

zero.

See Eq. (6).
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A final point is that the analysis of categorical versus noncate-

gorical aid may provide a rationale for hypothesizing that state and

federal aid coefficients are different in the expenditure equations.

Most state aid takes the form of general-purpose grants for current op-

erations. Most federal aid, to date, has been for specific programs

or resources. Therefore, even if no breakdown on amounts of categori-

cal and noncategorical grants is available, it io reasonable to assume

that federal aid is "more e" a categorical grant than state aid and,

therefore, that the coefficients may be different.

THE EFFECT OF ENROLLMENT GROWTH

Individual school districts, as well as entire states, vary widely

in the rate at which their pupil enrollments haw. grown. Some districts

have had virtually consi:an pupil populations; others have experienced

rates of increase of up to ten percent per year. It can be hypothe-

sized that these variations in growth rates will have affected per pu-

pil expenditures in at least two ways: First, district requirements

for school construction funds are positively related to enrollment

growth. These funds must be financed out of present or future taxes,

which, like the nonschool taxes discussed earlier, will probably sub-

stitute to a degree for taxes for current operations. Therefore, rapid

growth will tend to be associated with lower per pupil outlay. Second,

when enrollment is growing, it is possible that the district will Liu,.

be able to adjust taxes rapidly enough to keep up with the increase in

the number of pupils. Thus, per pupil outlays may lag behind their

equilibrium value. In this section, we will discuss only the first hy-

pothesis. The second has to be treated within the framework of a dy-

namic model, which lies outside the scope of this paper.

A comprehensive analysis of determinants of school constructions

outlays is not contemplated. However, when enrollment is growing rap-

idly, it is not possible to ignore the drain of capital requirements

on current or future property taxes and the consequent dLpressing ef-

fect on local willingness to spend for current operations. To get at

that effect without studying capital outlay in detail, we examine the

implications for current spending of a very simple, fixed-coefficient

model of capital requirements.
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Suppose that the number of pupils in a distriel: increases by AA

from one year to the next. Assume that each pupil "requires" h physi-

cal units of capital (school buildings). The quantity h is measured

by deflating the current dollar value of new capital per pupil by a

cost of construction price index, TheThe total capital outlay require-

ment for the district during a year (assuming that all construction to

accommodate the annual increase in pupils is carried out in a single

year) is phhAA. The requirement per household is phhAAIN, which we can

write as phh(AA/A)(A/N) or phha(AAIA).

Suppose, first, that capital outlays are financed out of current

revenues. The overall district budget constraint would then be

t = opa(e f - g) + p4ha(LAIA),

where pi.; = phips, the relative price of school construction. Comparing

the terms in this equation, it can be seen that the capital outlay re-

quirement affects current spending like a negative lump-sum grant pro-

portional to the growth rate, AA/A. The general form of the resulting

expenditure equation would be

e = e[y, apa(f + g), pilha(AAIA),
aloa, z] ,

'where deJd(p0aAAIA) < 0. Using the functional form of Eq. (18) as an

illustration, a possible expenditure equation is

y
0

y
1
y + y

2
opa(f + g) + y

3 h
p'a(AA/A) + y4apa + y

5
z

e
1 + y2opa

In reality, expenditures for school construction are rarely financed

out of current taxes, although minor capital outlays may be. Rather,

construction is financed by bond issues, which is to say, out of future

property taxes. Taking this into account, it is inappropriate to in-

clude school construction costs in the current budget constraint. In-

stead, we must focus on the impact of bond debt on decisionmakers' will-

ingness to trade off current expenditures and taxes.
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If we make the reasonable assumption that decisionmakers' are averse

to both current and future taxes, then a separable preference function

can be written as

U
1
(e) + U2(t, y) + U

3
(t
N'

y
N
)

'

*
where the subscript N denotes values of variables in future years. The

future tax variable, tN, represents taxes to be levied in later years

as a result of current and past bond issues. It does not include pro-

jected taxes for school operating expenses.

Assume that school bonds are perpetuities. Let Bo represent the

real stock of bonds per household outstanding before the current year

and p0 the average rate of interest on them. Let AB be the real value

of new school construction bonds per household to be issued during the

current year and p the applicable rate of interest. The annual burden

of bond finance in future years will be

tN = p
0
B
0
+ pa = tNO + pAB,

where t
NO is the level of future tax determined by past actions and, as

has already been shown,

Therefore,

LB = phha(LAIA).

tN
tNO prilha(AAIA).

Maximization of the separable utility function subject to the usual

current budget constraint leads to a marginal rate of trade-off equation,

m(e, t, t
N'

y
'

y
N
) = ova,

tN and yN are treated as tax and income streams that have the same
value in each future year. yN can be thought of as the constant income
stream that would have the same present value as the actual (projected)
future income stream.
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with am/be, em /at, and 677/atn all negative. The negative value of

avat
N means that a school district becomes less willing to pay current

taxes for an increment in e as the level of future taxes, t
N'

increases.

The corresponding expenditure equation has the general form

e = e(y, yN, f + g, tN, apa)

= e(y, yN, f + g, tN0 + ppilhaMIA, apa),

with de/dtN < O.

Just as in the previous case, we expect e to be lower where M/A

is higher. But when bond financing is taken into account, we also find

that the impact of enrollment growth depends on both the interest rate

and the initial leVel of debt. Higher values of either will tend to

reduce current outlays per pupil. Possible refinements of the analysis

would include allowance for debt redemption, as well as debt issuance,

and relaxation of the rigid, fixed-coefficient capital requirement.

However, this version suffices to demonstrate the negative impact of

growing enrollment on the level of the educational program.
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IV. MODELS APPLICABLE TO DIFFERENT DATA BASES

Empirically-testable expenditure models take on somewhat different

forms depending on the type of data base to which they are to be ap-

plied. The main distinction is between studies that have the individ-

ual school district as the unit of observation aid studies that focus

on larger units such as states or counties. Also, there are certain

differences between time series and cross-section models and between

interstate studies and those that are limited to a single state.

INDIVIDUAL DISTRICT MODELS

Since the whole analysis was couched in terms of the behavior of

a single district, all the theoretical results apply except where the

data base precludes variations in the relevant exogenous variables.

In the case of a time-series model, where financial behavior of one or

more districts is observed over several years, no variables need be ex-

cluded. Data permitting, the model to be tested should allow for all

of the effects discussed in the "Extensions"--nonschool taxes, tax base

composition, equalization, categorical aid, and enrollment growth.

Assuming (1) that the net school property tax, allowing for deduc-

tibility, is what counts (p. 36), (2) that the simple model of the tax

base composition effect applies (p. 45), and (3) that the district re-

ceives only flat grant aid; and applying the functional form of Eq. (18),

a possible model to use in an individual district, time series study is

B

a
0

+ (32 yDi, + S2 Q2
(f2 + g2 ) +

63Q2
+

4
p2 ph

,s s
a (AA )

i
+ u1 +

2
Qi

where the subscript i denotes the year of the observation, ui is a sto-

chastic error term, and yv = y ts tF to. The variable Qi is de-

fined by

v,
Q. =

7,

- r.(y
Do.
*v 4p.a./(1 + r

SLS,7-),2, s.
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where r(y
D) is the combined state plus federal marginal income tax rate.

The composite price term, Qi, takes in the price-reducing effect of de-

ductibility, the effect of the tax rate composition variable, vR/v, and

the effect of a sales tax.

If a cross-sectional analysis were conducted under similar assump-

tions, using observations of a number of districts within a single state

during a single year, the model would differ from that shown above in

the following particulars: (1) The sales tax rate, r
SLS'

would be the

same for all districts (assuming no local sales tax); (2) the bond in-

terest rate, p, would be a constant; (3) the amount of flat grant aid

from the state, g, would be a constant, although variations in federal

aid might still permit variations in f + g to be observed; and (4) the

price variables, p and p4 would probably best be treated as constants

(even under the unlikely circumstance that local prices could be ob-

served) under the assumption that a state is a single market and that

interdistrict price differences reflect quality variations. Therefore,

. Q1 . would become

(vA
Qi [1 - ri

where the subscript i is now an identifier of individual districts in

the cross section.

The assumption a constant price in all districts focuses special

attention on the alternative form of the model represented by Eq. (20),

in which p, but not a, appears in the denominator. If p is assumed con-

stant across districts, that equation translates into the straighforward

linear model,

YD 1
e . = 13 + + ( + gib + f3 u

0 1 a . 3 a .

Additions of tax rate composition and deductibility effects to the previ-

ously used forms would destroy the linearity, but alternative assumptions
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would allow it to be maintained. The effect of enrollment growth could

be added with no difficulty.

An individual district cross-sectional analysis that cuts across

states (e.g., a cross-sectional analysis of large city school districts

in the U.S.) differs from the within-state analysis in that differences

in state flat grant aid, sales tax rates, and (possibly) prices can be

observed. Therefore, the model would have essentially the same form as

that used for an individual district time series study. A possible dif-

ference is that the tax' base composition variable, vRIv, may prove im-

possible to measure consistently across states because of difference

in definitions of taxable property, categories of property, and assess-

ment ratios. Therefore, that variable might have to be omitted.

STATES OR OTHER AGGREGATES AS OBSERVATIONAL UNITS

Aggregation

If counties, states, metropolitan areas, or other multi-district

groupings are the units of observation, it becomes necessary to aggre-

gate financial and other variables over all districts within each group.

From a purely theoretical point of view, all that is necessary is to use

average values of expenditure, taxes, and the exogenous variables for

the multi-district units. However, because of the presence of the sto-

chastic error term, direct use of averages would introduce heteroske-

dasticity into the estimation. This can be avoided by applying appro-

priate weighting factors to the state, county, or metropolitan area

observations. To show this, we consider the case of a cross-sectional

analysis across states, with statewide averages as the data, and with

the assumption that the simple linear expenditure equation, Eq. (16),

is the "correct" specification of the individual district model.

We first write a stcchastic version of the individual district

model, introducing subscripts i = 1 ... N. to identify each of the N

local school districts within a state and j = 1 M to identify each
th.of M states. For the 2 district in the j

th
state, the expenditure

equation is

N . .

1 + 5 z . + uitie.
g- 6'? (apa)

ij 3 (aPa) ij 4

ia 0 1 ft.," 7.,,y
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The customary assumptions will be made about the stochastic error term;

that = 0-
2

. Let A.. be the number of pupils in
.th

-La

the 2 district of state j and let A. be the total number of pupils
d

in all districts of state j. Real expenditure per pupil in state j is

them given by

E A..e.. E A E A..(f. + g. .) E A, .[11(apa) 1

J
i

2 7 c . : . ij
2

2j 2j 2,7
i -1'J ij= 6 + f3

1
+A . 0 A 132

A A.J a e a

E [A .y..1(apa) E A. 2, A. u.
2
. a 2j ij 2j ij 4 2j

+ f3
3 A

+ 5
4 A.

Denote the average level of real per pupil expenditure in state j by e,.

Then, by definition, e = E (44I..e..)1A . Similarly, we can define aver-
j a 7-a j

age values of lump-sum aid, the inverse price variable 1/opa, income

divided by opa, and the taste variable, z. Labeling these f
j
+ g.,

11(apa) , y.1(apa)., and z., respectively (and noting that E A. = 1),
i 1-a

we can rewrite the equation for statewide per pupil spending as

1 Yd
e
j 0

+ 1(f g
a
.) (Qpa) + 53

(ma)
+ + E

4"d 'd
.)u." L

It is evident that this equation violates the linear regression

assumptions. Using uj to represent the stochastic error term in the

state-level equation, where u. = E [ (A..1A.)u..], we have
d sd

E(u.)
2

= c2 (A .
2-

./A .)2
a

constant.

This is a case of heteroskedasticity in which the expected error term

for each state depends on the distribution of pupils among districts
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within the state, as reflected in the quantity E (4. /11.) 2
. Note that

2if there is only one district, E (4../4.) = 1, and the expenditure equa-
i 1-.)

tion becomes identical to the individual district equation.

The heteroskedasticity can be removed by weighting each observation
by 1/4 (A../A...)

2
. If that factor is designated W., the actual equation2 7-3 a

to be estimated is

W. W.Y.
. . .

= W. +
g *) 132 (o/Pa)

4- 6
3 (apa) .

+ (3
6W az a

+ W
Jua

j ,5 1.3

where E(W.u.)
2
= a

2

In general, the weighting factor, W., depends on the whole distri-

bution of pupils among districts within the state. As an aid in inter-

preting W., consider the special case in which the state has a certain
number of districts, all with the same pupil enrollment. Letting N.

3
be

the number of districts, we have E = 1/N. for all i. The weight-
1-3

ing factor becomes

WJ = 1/VE (A../A.0 )
2

7-0

2

= VAIN .(1IN
a a

That is, if all school districts within a state had the same number of

pupils, heteroskedasticity would be eliminated by weighting the observed
data for each state by the square root of the number of school districts



in the state. The effect of inequality in the distribution of pupils

among districts is to increase E (A..1J L4.)
2
and, therefore, to reduce W.

i
Therefore,thevalueofW,depends positively on the number of school

districts in the state and negatively on the skewedness of the distri-

bution of pupils. Interestingly, W. is unaffected by variations in the

pupil population itself; only the distribution of pupils among districts

matters.

Other Aspects of State-level Studies

Aggregation to the state level will reduce the ability of the models

to'represent certain features of state grants-in-aid. It will not be

possible, for example, to include equalization provisions in the model

since only statewide average levels of aid will be observed. It re-

mains possible, in principle, to distinguish lump-sum aid from matching

grants and to include a matching parameter (the marginal local share)

in the expenditure and tax equations. In practice, however, it is un-

likely that, in an interstate study, sufficient individual district data

would be available to calculate the effective marginal local share for

each state. Fortunately, nearly all states have, in the past, operated

aid programs that provide lump-sum aid to districts, regardless of their

nominal form. Therefore, the assumption that all state aid is of the

lump-sum variety--an assumption that the analyst may be forced to make

in an interstate study--is likely to be very nearly correct.

Differences between cross-section and time series models with states

as the observational units are parallel to the differences encountered

in individual district models. In particular, it is unlikely that the

tax base composition variable can be measured across states using pres-

ently available data, which means that variable may have to be omitted

from interstate studies. The variable can be included, however, in

time series studies limited to a single state.

An especially troublesome problem in cross-sectional studies is

measurement of interstate variations in the relative price of educa-

tion. There is no basis, at present, for making the input quality com-

parisons that would allow construction of an interstate index of prices

of educational inputs. Moreover, satisfactory general price indexes
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that can be used to approximate the price of "other goods" are not avail-

able for individual states. The best present strategy may be to test

a number of alternative, simple assumptions about interstate price vari-

ations (e.g., that all observed teacher salary differences represent

price variations or that they represent quality variations). It then

becomes possible, at least, to examine the sensitivity of results co

the alternative sets of price data.

Because of gaps in available data, it will probably not be possi-

ble to test all the hypotheses embedded in the theoretical model in

any single empirical study. Certain hypotheses (e.g., effects of equal-

ization provisions and tax base composition) can best be tested by ex-

amining variations among individual districts. Other propositions (e.g.,

effects of variations in income and nonschool taxes) may be easier to

test in interstate studies. Still other effects (e.g., effects of rela-

tive price variations) may be most easily recognized in studies that

focus on individual districts or states over time. In sum, verifica-

tion of the theoretical models will depend on a series of empirical

studies using different data bases, different units of observation, and

different forms of the expenditure and tax equations.
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V. CONCLUSIONS

DETERMINANTS OF SCHOOL DISTRICT EXPENDITURES

Taking the basic model and theoretical extensions together, the

analysis accounts for effects on school district taxing and spending

of the following major economic and demographic variables: (1) dispos-

able personal income, (2) state and federal grants-in-aid, (3) the num-

ber of pupils per household in a district, (4) the price of educational

inputs in relation to the general price level, (5) levels of non-school

taxes, including state and federal income taxes, sales taxes, and non-

educational property taxes, (6) the compositt.on of the local property

tax base, as between residential and business property, and (7) the

rate of growth in school enrollment. Provision is also made for in-

corporating effects of unspecified community characteristics that af-

fect local willingness to support education ("taste variables") into

the models. Except for state and federal grants-in-aid, which are dis-

cussed separately, conclusions regarding the effects of these variables

on per pupil expenditures by school districts are summarized immediately

below.

Disposable Personal Income

Disposable income of households enters into the model as a variable

that determines the burden of a given lave' of local property taxes.

From the assumption that the burden of a given tax per household de-

clines as income increases, it follows that there will be a positive

relationship between disposable income per household and school dis-

trict expenditure per pupil. In this context, disposable income is de-

fined as personal income per household less state and federal income

taxes and--at least in one version of.the model--less noneducational

local property taxes. There is no a priori restriction on the size of

the income effect except relative to the grant-in-aid effect (see below).

The Number of Pupils Per Household

This variable appears in the expenditure equations because the anal-

ysis was framed in terms of a trade-off between spending per pupil and
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taxes per household. Other things being equal, a higher value of the

pupil/household ratio represents a greater sacrifice by each household

to provide a given level of per pupil support. Therefore, it follows

that higher values of the ratio will tend to be associated with lower

values of per pupil spending. An alternative specification of the

model introduces z possible offsetting effect: namely, that communities

with higher pupil/household ratios may have stronger preferences for

education. If this hypothesis is included, the sign of the overall ef-

fect becomes indet.,,minate.

The Reltl_ve Price of Educational Inputs

The relative price of inputs to education enters into the model

just like any commodity price variable in conventional consumer demand

theory. Other things being equal, the model predicts that real per pu-

pil spending will be negatively related to the relative price of inputs

to schooling. The price elasticity may be greater or less than minus

one. If the assumption about a taste effect of the pupil/household ra-

tio is excluded, that ratio and the relative price ratio enter the ex-

penditure equation as a product, which means that the expenditure elas-

ticity is the same with respect to both variables.

Nonschool Taxes

State and federal income taxes appear in the expenditure equations

as deductions from personal income; therefore, an increase in those

taxes reduces per pupil spending by the same amount as an identical de-

crease in household income. The effect must be modified if school taxes

are deductible from the income tax base.

The effect of a sales tax is to lower the relative price of educa-
tion. The magnitude of the reduction is the same as would be generated

by an increase in the price of "other goods" by the effective sales tax
rate, However, since the income variable is defined in terms of power

to purchase "other goods," a higher sales tax also translates into lower
real disposable income per household. Therefore, the overall effect

of a sales tax increase is the resultant of a positive relative price

effect and a negative income effect. The sign of the net effect is

indeterminate.
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The model predicts a negative relationship between levels of non-

school property taxes and real expenditure per pupil. However, those

taxes can enter into the equations in any one of three ways: (1) as

a component of a total property tax (school plus nonschool), which im-

plies that the efect on spending is equal but opposite to the effect

of a lump-sum grant; (2) as a dedu 'ion from household income, in which

case the effect is the same as if an income tax, or (3) as a sepa-

rate argument in the preference function, which leads to a negative non-

school property tax term in the expenditure equation.

Composition of the Local Property Tax Base

The analysis examines implications of two possible assumptions about

district preferences with respect to residential and business property

taxes. The simpler assumption is that only taxes on district residents

(residential property) have disutility to the local decisionmaker. That

implies a negative response of per pupil spending to increases in the

ratio of residential to total property. The elasticity of expenditures

with respect to the tax base composition variable (residential/total

property) should be the same as the elasticity with respect to the rela-

tive price of education.

The more general assumption is that taxes on both residential and

business property count, but that they are assigned different weights

by the decisionmaker. In that case, the tax base composition variable

enters independently into the expenditure equation; however, the sign

remains negative so long as the decisionmaker would prefer to tax busi-

nesses at a higher rate than residences, if he were not constrained

against doing so.

Growth in Enrollment

If it is assumed that either (1) buildings to house increased num-

bers of pupils must be financed out of current revenues, or (2) build-

ings are financed out of future property tax revenues through issuance

of bonds, then there will be a negative relationship between the rate

of enrollment growth and per pupil expenditure. Under the former as-

sumption, the effect is similar to that of a negative lump-sum grant
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proportional to the enrollment growth rate. Under the latter, more

realistic assumption, the magnitude of the effect also depends on the

bond interest rate and the existing Stock of debt. The effect becomes

stronger (more negative) as either of those variables increases.

Taste Variables

Effects of specific demographic, social, political, and other char-

acteristics of communities (except for the pupil/household ratio) were

not dealt with explicitly in the analysis. However, the model does

provide for inclusion of such "taste variables" in the expenditure and

tax equions. The general hypothesis pertaining to these variables

is that any factor believed to be positively (negatively) associated

with district willingness to trade-off incremental. taxes for increments

in school spending should appear in the equations with a positive (nega-

tive) coefficient.

THE IMPACT OF GRANTS-IN-AID

The analysis deals with the impact on school spending of lump-sum

aid, matching grants, and combinations of the two. The main theoreti-

cal conclusions are eu

With respect to lump-sum aid. the models predict that the impact

of increments in aid will always be partly additil'e, partly substitu-

tive: Some fraction of each incremental dollar of aid will go to in-

crease per pupil spending; the remainder will be used to reduce local

taxes below what they would have been in the absence .4 the aid incre-

nant. In general, the effect on spending of an increment in lump-sum

aid will be different from the effect of an equal increment in commu-

nity income; under reasonable assumptions about preferenCes, the aid

effect will be considerably greater.

The effect of matching grants is to reduce the price of educational

inputs to the school district. The model predicts that the response of

per pupil spending to a change !7 the local share parameter of a match-

ing grant formula will be identical to the response to an equal-propor-

tionate change in the relative price of educational inputs. Depending
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on the price elasticity of per pupil spending, matching grants may be

partly additive, and partly substitutive, as are lump-sum grants, or

they may be stimulative of higher local taxes than would have been

raised in the absence of aid.

It is also shown that lump-sum and matching grants interact. As

the level of lump-sum aid increases, matching aid becomes more stimu-

lative; as matching aid becomes greater (i.e., as the local share param-

eter becomes lower) the responsiveness of expenditures to lump-sum in-

crements becomes greater. The model makes it possible to calculate

optimal mixes of lump-sum aid and matching grants for achieving vari-

ous goals of grant-in-aid programs.

Analysis of state aid equalization formulas, in which aid is dis-

tributed among districts in an inverse relationship to property value

per pupil, shows that the equalization objective may or may not be fur-

thered, depending cn the causes of ihterdistrict tax base variations.

Where differences are due to unequal allotments of business property,

equalization formulas will tend to work in the proper direction. Where

differences are due to variations in personal income and residential

property, the result will probably, but not necessarily, also be in the

desired direction. But where differences are due to locational and

other factors that affect property values, the effects of equalization

aid may actually be perverse: The pattern of aid may actually amplify.

existing disparities. In general, formulas based on property value

will not "equalize" consistently where there are significant interdis-

trict differences in tax base composition.

Finally, one of the conclusions from the analysis is that the ef-

fect of categorical grants (for which the grantor-imposed restrictions

are binding) will be different, in general, from the effect of noncate-

gorical, or unrestricted, grants. An implication is that the federal

and state aid coefficients in the expenditure equations may differ be-

cause federal aid c,,nsists primarily of categorical grants while most

state aid is provide, in unrestricted form.


